^ 


Presented  to  the 

LIBRARY  of  the 

UNIVERSITY  OF  TORONTO 

from 
the  estau  of 


\ 


Digitized  by  the  Internet  Arciiive 

in  2008  with  funding  from 

IVIicrosoft  Corporation 


http://www.archive.org/details/elementsofdescriOOchuruoft 


ELExMENTS 


OP 


DESCRIPTIVE  GEOMETRY 

PART   I 
ORTHOGRAPHIC   PROJECTIONS 


BY 


ALBERT   E.   CHURCH,   LL.D. 

LATE    PROFESSOR    OF    MATHEMATICS    IN    THE    UNITED    STATES 
MILITARY    ACADEMY 


AXD 

GEORGE   M.   BARTLETT,   M.A. 

INSTRUCTOR    IN    DESCRIPTIVE    GEOMETRY    AND    MECHANISM 
IN    THE    UNIVERSITY    OF    MICHIGAN 


NEW  YORK  .:.  CINCINNATI  •:•  CHICAGO 

AMERICAN    BOOK     COMPANY 


COPTEIGHT,    1S&4,    BY 

BARNES   &   BURR. 

COPTBIGHT,    1S64,    BY 

A.  S.  BARNES   &   CO. 

COPTBIGHT,    1892    AND    1902,    BY 

MARGARET   A.    BLUNT. 

COPTRIGUT,    1911,    BY 

GEORGE  M.    BARTLETT. 
Entsbed  at  Stationers'  Hall,  London. 

o.-b.  de8cr   gkom.    part  1. 
W.  P.  I 


\S^ 


PREFACE 

Church's  "  Elements  of  Descriptive  Geometry "  was  orig- 
inally published  in  1864.  The  preface  to  the  first  edition 
states:  "Without  any  effort  to  enlarge  or  originate,  the  au- 
thor has  striven  to  give,  with  a  natural  arrangement  and  in 
clear  and  concise  language,  the  elementary  principles  and  prop- 
ositions of  this  branch  of  science,  of  so  much  interest  to  the 
mathematical  student,  and  so  necessary  to  both  the  civil  and 
military  engineer." 

Professor  Church  succeeded  so  well  in  his  efforts  to  produce 
a  practical  and  well-adapted  treatise  that  it  has  continued  in 
use  as  a  text-book  for  more  than  forty  years  in  the  United 
States  Military  Academy  and  in  many  other  academies,  tech- 
nical schools,  and  colleges.  This  long-continued  use  of  the 
book  speaks  well  for  its  high  intrinsic  excellence. 

During  the  last  few  years,  however,  there  have  taken  place 
many  changes  in  the  methods  of  teaching  the  subject,  and  in 
the  problems  required.  To  meet  these  new  demands  the 
present  volume  is  issued.  In  its  preparation  much  of  Professor 
Church's  text  has  been  used,  and  his  concise  and  lucid  style  has 
been  preserved. 

Among  the  salient  features  of  the  present  work  are  the  fol- 
lowing: 

The  figures  and  text  are  included  in  the  same  volume. 

G-eneral  cases  are  preferred  to  special  ones. 

A  sufficient  number  of  problems  are  solved  in  the  third  angle 
to  familiarize  the  student  with  its  use. 
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4  PREFACE 

A  treatment  of  the  profile  plane  of  projection  is  introduced. 

Many  exercises  for  practice  have  been  introduced. 

Several  new  problems  have  been  added. 

The  old  figures  have  been  redrawn^  and  many  of  them  have 
been  improved. 

Several  of  the  more  difficult  elementary  problems  have  been 
illustrated  by  pictorial  views. 

In  the  treatment  of  curved  surfaces.,  all  problems  relating  to 
single-curved  surfaces  are  taken  up  first,  then  those  relating 
to  warped  surfaces,  and  finally  those  relating  to  surfaces  of 
revolution.  Experience  proves  this  order  to  be  a  logical  one, 
as  we  here  proceed  "from  the  simple  to  the  more  complex." 
Also  the  student  is  more  quickly  prepared  for  drawing-room 
work  on  intersections  and  developments;  and  in  case  it  is 
desired  to  abbreviate  the  course  by  omitting  warped  surfaces, 
the  remaining  problems  will  be  found  to  be  consecutively 
arranged. 

The  writer  here  wishes  to  acknowledge  his  indebtedness  to 
the  many  teachers  who  have  aided  him  with  valuable  advice 
and  suggestions  in  relation  to  this  work.  In  particular  his 
thanks  are  due  to  his  esteemed  colleagues.  Professor  H.  J. 
Goulding  and  Mr.  D.  E.  Foster  of  the  University  of  Michigan, 
for  their  careful  reading  and  correction  of  the  manus'cript. 

G.  M.  B. 

May  14,  1910. 
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PART   I 

ORTHOGRAPHIC   PROJECTIONS 

Pkelimlnary  Definitions 

1.  Geometry  enables  us  to  determine  unknown  magnitudes, 
relationshii^s,  and  forms  from  those  which  are  known.  There 
are  in  general  two  methods  of  solution  for  any  given  problem ; 
namely,  the  analytical  and  the  graphical.  In  the  former  we 
arrive  at  our  results  by  calculation;  in  the  latter  we  make 
drawings  which  represent  graphically  the  true  relationships 
between  the  points,  lines,  and  surfaces  under  consideration,  and 
arrive  at  our  results  without  calculation. 

2.  Graphics.  If  the  problem  relates  to  points  and  lines  lying 
in  only  one  plane,  the  graphical  solution  may  be  reached  by  a 
simple  application  of  the  principles  of  Geometrical  Drawing,  or 
Plane  Graphics. 

If  the  problem  relates  to  magnitudes  not  in  the  same  plane, 
the  graphical  solution  would  require  an  application  of  the  prin- 
ciples of  Descriptive  Geometry,  or  the  G-raphics  of  Space. 

3.  Descriptive  Geometry  is  that  branch  of  Mathematics  which 
has  for  its  object  the  explanation  of  the  methods  of  representing 
by  drawings  : 

First.     All  geometrical  magnitudes. 

Second.  The  solution  of  problems  relating  to  these  magni- 
tudes in  space. 

These  drawings  are  so  made  as  to  present  to  the  eye,  situated 
at  a  particular  point,  the  same  appearance  as  the  magnitude  or 
object  itself,  were  it  placed  in  the  proper  position. 
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The  representations  thus  made  are  the  projections  of  the 
magnitude  or  object. 

The  planes  upon  which  these  projections  are  usually  made 
are  the  planes  of  projection. 

The  point  at  which  the  eye  is  situated  is  the  point  of  sight. 

4.  Projections.  When  the  point  of  sight  is  in  a  perpendic- 
ular drawn  to  the  plane  of  projection  through  any  point  of  the 
drawing,  and  at  an  infinite  distance  from  this  plane,  the  pro- 
jection is  orthographic. 

When  the  point  of  sight  is  within  a  finite  distance  of  the 
drawing,  the  projection  is  scenographic,  and  is  commonly  called 
the  perspective  of  the  magnitude  or  object. 

If  a  straight  line  be  drawn  through  a  given  point  and  the  point 
of  sight,  the  point  in  which  this  line  pierces  the  plane  of  projec- 
tion will  present  to  the  eye  the  same  appearance  as  the  point  it- 
self, and  will  therefore  be  the  projection  of  the  point  on  this 
plane.     The  line  thus  drawn  is  the  projecting  line  of  the  point. 
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5.  In  the  orthographic  projection,  since  the  point  of  sight  is 
at  an  infinite  distance,  the  projecting  lines  drawn  from  any 
points  of  an  object  of  finite  magnitude  to  this  point,  will  he  par- 
allel to  each  other  and  perpendicular  to  the  plane  of  projection. 

In  this  projection  two  planes  are  used,  at  right  angles  to  each 
other,  the  one  horizontal  and  the  other  vertical.,  called  respec- 
tively the  horizontal  and  the  vertical  plane  of  projection. 

In  Fig.  1,  let  the  planes  represented  by  CDEF  and  C'D'E'F' 
be  the  two  planes  of  projection,  the  first  the  horizontal  and  the 
second  the  vertical. 

Their  line  of  intersection  AB  is  the  ground  line. 

These  planes  form  by  their  intersection  four  dihedral  angles. 
The  jirst  angle  is  above  the  horizontal  and  in  front  of  the  verti- 
cal plane.  The  second  is  above  the  horizontal  and  behind  the 
vertical.  The  third  is  below  the  horizontal  and  behind  the  ver- 
tical. The  fourth  is  below  the  horizontal  and  in  front  of  the 
vertical. 

Represextation  of  Points,  Lines,  and  Planes 

6.  Representation  of  points.  Let  M,  Fig.  1,  be  any  point  in 
space.  Through  it  draw  Ishn  perpendicular  to  the  horizontal, 
and  Mm'  perpendicular  to  the  vertical  plane ;  m  will  be  the 
projection  of  M  on  the  horizontal,  and  m'  that  on  the  vertical 
plane  (Art.  5).  Hence,  the  horizontal  projection  of  a  point  is 
the  foot  of  a  perpendicular  through  the  point  to  the  horizontal 
plane  ;  and  the  vertical  projection  of  a  point  is  the  foot  of  a  per- 
pendicular through  it  to  the  vertical  plane. 

The  lines  ^Im  and  Mm'  are  the  horizontal  and  vertical  />ro- 
jecting  lines  of  the  point. 

7.  Proposition  L*  The  distance  of  a  point  from  the  hori- 
zontal plane  is  equal  to  the  distance  of  its  vertical  projection  from 

*  It  is  impoitant  that  the  student  should  be  able  to  state  and  prove  all  propo- 
sitions given  in  this  book. 
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Fig.  2. 
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the  ground  line  ;  and  the  distance  of  the  point  from  the  vertical 
plane  is  equal  to  that  of  its  horizontal  projection  from  the  ground 
line. 

Through  the  lines  Mm  and  Mm',  Fig.  1,  pass  a  plane.  It 
will  be  perpendicular  to  both  planes  of  projection,  since  it  con- 
tains a  straight  line  perpendicular  to  each,  and  therefore  per- 
pendicular to  the  ground  line  AB.  It  intersects  these  planes 
in  the  lines  mo  and  m'o,  both  perpendicular  to  the  ground  line 
at  the  same  point,  forming  the  rectangle  Mo.  By  an  inspection 
of  the  figure  it  is  seen  that  Mm  =  m'o,  and  Mm'  =  mo. 

8.  Proposition  II.  If  the  two  projections  of  a  point  are 
given,  the  point  is  completely  determined.  For  if  at  the  hori- 
zontal projection  m.  Fig.  1,  a  perpendicular  be  erected  to  the 
horizontal  plane,  it  will  contain  the  point  M.  A  perpendicular 
to  the  vertical  plane  at  m'  will  also  contain  M ;  hence  the  point 
M  is  determined  by  the  intersection  of  these  two  perpendic- 
ulars. 

If  N  be  in  the  horizontal  plane,  Nw  =  0,  and  the  point  is  its 
own  horizontal  projection.  The  vertical  projection  will  be  in 
the  ground  line  at  n'.  Similarly,  if  C  be  in  the  vertical  plane, 
it  will  be  its  own  vertical  projection,  and  its  horizontal  pro- 
jection will  be  in  the  ground  line  at  c. 

If  the  point  be  in  the  ground  line,  it  will  be  its  own  horizon- 
tal and  also  its  own  vertical  projection. 

9.  Representation  of  planes.  Let  HT-VT,  Fig.  2,  be  a  plane, 
oblique  to  the  ground  line,  intersecting  the  planes  of  projection 
in  the  lines  HT  and  VT  respectively.  Its  intersection  with  the 
horizontal  plane  is  the  horizontal  trace  of  the  plane,  and  its  inter- 
section with  the  vertical  plane  is  the  vertical  trace. 

10.  Proposition  III.  If  the  two  traces  of  a  plane  are  given, 
the  plane  is  completely  determined.     Why  ? 

11.  Representation  of  straight  lines.  Let  MN,  Fig.  3,  be 
any  straight  line  in  space.     Through  it  pass  a  plane  Mmw  per- 
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pendicular  to  the  horizontal  plane ;  mn  will  be  the  horizontal, 
and  vv\  perpendicular  to  the  ground  line,  the  vertical  trace 
of  this  plane.  Also  through  MN  pass  a  plane  Isim'n'  perpen- 
dicular to  the  vertical  plane ;  m'n'  will  be  its  vertical,  and  h'h 
its  horizontal  trace.  The  traces  mn  and  m'n'  are  the  projec- 
tions of  the  line,  the  points  m,  w',  ?i,  n'  being  the  projections 
of  the  extremities  of  the  line.  Hence,  the  horizontal  projection 
of  a  straight  line  coincides  with  the  horizontal  trace  of  a  j^lit^ne 
passed  through  the  line  perpendicular  to  the  horizontal  plane  ;  and 
the  vertical  ^projection  of  a  straight  line  coincides  with  the  verti- 
cal trace  of  a  plane,  through  the  line  perpendicular  to  the  vertical 
plane. 

The  planes  Mmw  and  Mw'w'  are  respectively  the  horizontal 
and  the  vertical  projecting  planes  of  the  line. 

12.  PiioposiTiox  IV.  The  two  projections  of  a  straight  line 
being  given,  the  line  will  in  general  be  completely  determined  ; 
for  if  through  the  horizontal  projection  we  pass  a  plane  perpen- 
dicular to  the  horizontal  plane,  it  will  contain  the  line ;  and  if 
through  the  vertical  projection  we  pass  a  plane  perpendicular 
to  the  vertical  plane,  it  will  also  contain  the  line.  The  inter- 
section of  these  planes  must,  therefore,  be  the  line.  Hence  we 
say  a  straight  line  is  given  hy  its  projections. 

13.  The  projections  mn  and  m'li'  are  also  manifestly  made 
up  of  the  projections  of  all  the  points  of  the  line  ^IN.     Hence: 

Proposition  V.  If  a  straight  line  pass  through  a  point  in 
space,  its  projections  will  pass  through  the  projections  of  the 
point.     Likewise, 

Proposition  VI.  If,  in  either  plane,  the  projections  of  any 
two  points  of  a  straight  line  are  given,  the  straight  line  joining 
these  projections  will  be  the  projection  of  the  given  line. 

14.  Propositions  relating  to  the  Point,  Line,  and  Plane. 
Pkoposition  \\\.     The  two  traces  of  a  plane  must  intersect 

the  ground  line  at  the  same  point.     For  if  they  should  intersect 
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it  at  different  points,  tlie  plane  would  intersect  it  in  two  points, 
which  is  impossible. 

Proposition  VIII.  If  a  plane  is  parallel  to  the  ground  line, 
its  traces  must  be  parallel  to  the  ground  line  (Fig.  2).  For  if 
they  are  not  parallel,  they  must  intersect  it ;  in  which  case 
the  plane  would  have  at  least  one  point  in  common  with  the 
ground  line,  which  is  contrary  to  the  hypothesis. 

Proposition  IX,  If  a  plane  is  parallel  to  either  plane  of 
projection,  it  will  have  but  one  trace,  which  will  be  on  the  other 
plane,  and  parallel  to  the  ground  line. 

Proposition  X.  If  a  plane  is  perpendicular  to  the  horizontal 
plane,  its  vertical  trace  will  be  perpendicular  to  the  ground  line, 
as  VS  in  Fig.  2.  For  the  vertical  plane  is  also  perpendicular 
to  the  horizontal  plane ;  hence  the  intersection  of  the  two 
planes,  which  is  the  vertical  trace,  must  be  perpendicular  to  the 
horizontal  plane,  and  therefore  to  the  ground  line  which  inter- 
sects it. 

Likewise  if  a  plane  is  perpendicular  to  the  vertical  plane,  its 
horizontal  trace  will  be  perpendicular  to  the  ground  line. 

Proposition  XI.  If  a  plane  simply  pass  through  the  ground 
line,  its  position  is  not  determined. 

Proposition  XII.  If  two  planes  are  parallel,  their  traces  on 
the  same  plane  of  projection  are  parallel,  for  these  traces  are  the 
intersections  of  the  parallel  planes  by  a  third  plane. 

But  if  two  planes  are  perpendicular  to  each  other,  their  traces 
on  the  same  plane  will  not  in  general  be  perpendicular.  Will 
they  ever  be  ?     If  so,  when  ? 

Proposition  XIII.  If  a  straight  line  is  perpendicular  to 
either  plane  of  projection,  its  projection  on  that  plane  will  be  a 
point,  and  its  projection  on  the  other  plane  will  be  perpendicular 
to  the  ground  line.     See  OP,  Fig.  3. 

Proposition  XIV.  If  a  line  is  parallel  to  either  plane  of 
projection,  its  projection  on  that  plane  will  evidently  be  parallel 
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and  equal  to  the  line  itself,  and  its  projection  on  the  other  plane 
will  be  parallel  to  the  ground  line.     See  Fig.  4. 


Fig.  4. 


Also,  if  a  straight  line  is  parallel  to  both  planes  of  projection 
or  to  the  ground  line,  both  projections  will  be  parallel  to  the 
ground  line. 

Proposition  XV.  If  a  line  lies  in  either  plane  of  projection, 
its  projection  on  that  plane  will  be  the  line  itself,  and  its  projec- 
tion on  the  other  plane  will  be  in  the  ground  line.  Thus  in 
Fig.  5,  RS  in  the  vertical  plane  is  its  own  vertical  projection, 
and  rs  in  the  ground  line  is  its  horizontal  projection. 

Proposition  XVI.  If  the  two  projections  of  an  unlimited 
straight  line  are  perpendicular  to  the  ground  line,  the  line  is  un- 
determined, as  the  two  projecting  planes  coincide,  forming  only 
one  plane,  and  do  not  by  their  intersection  determine  the  line 
as  in  Art.  12. 

All  unlimited  lines  in  this  plane  will  have  the  same  projec- 
tions.    Thus,  in  Fig.  5  mn  and  m'n'  are  both  perpendicular  to 
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the  ground  line ;  and  any  line  in  the  plane  MNo  will  have 
these  for  its  projections. 

Proposition  XVII.  If,  however,  the  projections  of  two 
points  of  the  line  are  given,  the  line  will  then  be  determined  ; 
that  is,  if  mm'  and  nn'  are  given,  the  two  points,  M  and  N,  will 
be  determined,  and,  of  course,  the  straight  line  which  joins 
them. 

Proposition  XVIII.  All  lines  and  points  situated  in  a  plane 
perpendicular  to  either  plane  of  projection,  will  be  projected  on  this 
plane  in  the  corresponding  trace  of  the  plane. 

Proposition  XIX.  If  two  straight  lines  are  parallel,  their 
projections  on  the  same  plane  will  be  parallel.  For  their  project- 
ing planes  are  parallel,  since  they  contain  parallel  lines  and  are 
perpendicular  to  the  same  plane ;  hence  their  traces  will  be 
parallel  (Prop.  XII),  and  these  traces  are  the  projections. 

If  two  lines  are  'perpendicular  to  each  other,  their  projections 
on  the  same  plane  will  not  in  general  be  perpendicular ;  but. 

Proposition  XX.  If  two  straight  lines  are  perpendicular  to 
each  other,  and  one  of  them  is   parallel   to   one   of   the   planes 
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of  projection,  their  projections  on  that  plane  will  be  perpendic- 
ular. For  the  projecting  plane  of  the  line  which  is  not  parallel 
to  the  plane  of  projection  is  perpendicular  to  the  second  line, 
and  also  to  its  projection,  since  this  projection  is  parallel  to 
the  line  itself  (Prop.  XIV) ;  and  since  this  projection  is  per- 
pendicular to  this  projecting  plane,  it  is  perpendicular  to  the 
trace  of  this  projecting  plane,  which  is  the  projection  of  the 
first  line. 

Proposition  XXI.  Every  straight  line  of  a  plane,  not  par- 
allel to  the  horizontal  plane  of  projection,  will  pierce  it  in  the 
horizontal  trace  of  the  plane,  and  if  not  parallel  to  the  vertical 
plane,  will  pierce  it  in  the  vertical  trace.     Why  ? 

Proposition  XXII.  If  a  straight  line  lies  in  a  plane  and  is 
parallel  to  the  horizontal  plane,  its  horizontal  projection  will  be 
parallel  to  the  horizontal  trace  of  the  plane,  and  its  vertical  pro- 
jection will  be  parallel  to  the  ground  line.     Prove  this. 

What  will  be  true  of  the  projections  of  a  straight  line  that  is 
parallel  to  the  vertical  plane  ? 

Proposition  XXIII.  If  two  intersecting  lines  are  each 
parallel  to  the  same  plane  of  projection,  the  angle  between  their 
projections  on  that  plane  will  be  equal  to  the  angle  between  the 
lines.     Prove  this. 

Proposition  XXIV.  If  a  straight  line  is  perpendicular  to 
a  plane,  its  projections  will  be  respectively  perpendicular  to  the 
traces  of  the  plane.  For  if  the  line  PQ,  Fig.  6,  is  perpendicu- 
lar to  the  plane  MR,  the  horizontal  projecting  plane  of  the  line 
is  perpendicular  to  the  given  plane  MR,  since  it  contains  a  line, 
PQ,  perpendicular  to  it.  This  projecting  plane  is  also  perpen- 
dicular to  the  horizontal  plane  (Art.  11).  It  is  therefore  per- 
pendicular to  the  intersection  SR,  of  these  two  planes,  which 
is  the  horizontal  trace  of  the  given  plane.  Hence  pq^  the  hori- 
zontal projection  of  the  line,  which  is  a  line  of  this  projecting 
plane,  must  be  perpendicular  to  the  horizontal  trace. 
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In  the  same  way  it  may  be  proved  that  the  vertical  projection 
of  the  line  will  be  perpendicular  to  the  vertical  trace. 

Proposition 
XXV.  Conversely, 
li  the  projections  of  a 
straight  line  are  re- 
spectively perpendicu- 
lar to  the  traces  of  a 
plane,  the  line  will  be 
perpendicular  to  the 
plane.  For  if  througli 
the  horizontal  projec- 
tion of  the  line  its 
horizontal  projecting 
plane  be  passed,  it 
will  be  perpendicular 
to  the  liorizontal  trace  ^^^'-  ^• 

of  the  given  plane,  and  therefore  perpendicular  to  the  plane, 
in  the  same  way  it  may  be  proved  that  the  vertical  projecting 
plane  of  the  line  is  perpendicular  to  the  given  plane ;  therefore 
the  intersection  of  these  two  planes,  which  is  the  given  line,  is 
perpendicular  to  the  given  plane. 

Is  the  above  proposition  true  when  the  plane  is  parallel  to 
the  ground  line  ? 

But  if  a  straight  line  is  parallel  to  a  plane,  the  projections  of 
the  line  will  not  in  general  be  parallel  to  the  traces  of  the 
plane.     Will  they  ever  be  ?     If  so,  under  what  conditions  ? 

15.  Rotation  of  the  horizontal  plane.  In  order  to  represent 
both  projections  of  an  ol)ject  on  tlie  same  sheet  of  paper  or 
plane,  after  the  projections  are  made  as  in  the  preceding  arti- 
cles, the  horizontal  plane  is  rotated  about  the  ground  line  as  an 
axis  until  it  coincides  with  tlie  vertical  plane,  that  portion  of 
the  horizontal  plane  which  is  in  front  of  the  ground  line  falling 
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below  it  in  the  position  ABF'E',  Fig.  1,  and  that  part  which 
is  back  of  the  ground  line  coming  up  in  the  position  ABC'D'. 

In  this  new  position  of  the  planes  it  will  be  observed  that, 
the  planes  being  regarded  as  indefinite  in  extent,  all  that  part 
of  the  plane  of  the  paper  which  is  below  the  ground  line  will 
represent  not  only  that  part  of  the  vertical  plane  which  is 
below  the  ground  line,  but  also  that  part  of  the  horizontal 
plane  which  is  in  front  of  the  ground  line  ;  while  the  part 
above  the  ground  line  represents  that  part  of  the  vertical  plane 
which  is  above  the  ground  line,  and  also  that  part  of  the  hori- 
zontal j)lane  which  is  back  of  the  ground  line. 

16.  After  the  horizontal  plane  is  rotated  as  in  the  preceding 
article,  the  point  w,  in  Fig.  1,  will  take  the  position  m^  in  the 
line  m'o  produced,  and  the  two  projections  m^  and  m'  will  then 
be  in  the  same  straight  line,  perpendicular  to  the  ground  line. 
Hence  : 

Proposition  XXVI.  The  two  projections  of  the  same  point 
must  be  in  the  same  straight  line,  perpendicular  to  the  ground 
line. 


Proposition  XXVII.     If  a 
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Fig.  7. 


point  is  in  the  first  angle,  its 
horizontal  projection  will  be 
below,  and  its  vertical  pro- 
jection above,  the  ground 
line. 

A  point  in  the  second  an- 
gle will  have  both  projections 
above  the  ground  line,  as  R, 
Fig.  1. 

A  point  in  the  third  angle 
will  have  its  horizontal  pro- 
jection above,  and  its  ver- 
tical projection  below,  the 
ground  line.     Why  ? 
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A  point  in  the  fourth  angle  will  have  its  projections,  where? 

Conversely,  we  can  tell  in  what  angle  a  given  point  lies  by 
noticing  the  location  of  its  projections  with  respect  to  the 
ground  line. 

Proposition  XXVIII.  If  any  two  lines  intersect,  the 
straight  line  joining  the  points  in  which  their  projections  inter- 
sect must  be  perpendicular  to  the  ground  line.     Prove  tliis. 

17.  Notation  to  be  used  in  the  description  of  drawings.  A 
point  in  space  will  be  designated  by  some  capital  letter,  as  M. 
Its  horizontal  projection  will  be  designated  by  the  correspond- 
ing lower-case  letter,  as  m  ;    and  its  vertical  projection  by  the 
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same  \^\Xq.x  'primed,  as  m' .     We  may  speak  of  the  point  itself 
either  as  the  point  {mm')  or  simply  as  the  point  M. 

A  plane  will  be  designated  by  some  capital  letter,  as  S,  T,  K. 
Its  horizontal  trace  will  be  designated,  as  in  Figs.  2  and  8,  by  a 
capital  H  placed  before  the  letter  of  the  plane,  as  HS,  HT,  etc. 
Its  vertical  trace  will  be  designated  by  a  capital  V  placed  be- 
fore the  letter  of  the  plane,  as  VS,  VT,  etc. 
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Lines  given  by  their  projections,  as  in  Fig.  9,  will  be  de- 
scribed as  the  line  (mn,  m'n'),  the  letters  on  the  horizontal 
projection  being  first  in  order,  or  simply  the  line  MN. 


The  planes  of  projection  will  often  be  described  by  the 
capitals  H  and  V  ;  H  denoting  the  horizontal,  and  V  the 
vertical,  plane. 

18.  The  projections  of  the  same  point  will  be  connected  by 
a  dotted  line,  thus  . 

Traces  of  planes  whicii  are  given  or  required,  when  they  can 
be  seen  from  the  point  of  sight,  —  that  is,  when  the  view  is 
not  obstructed  by  some  intervening  opaque  object,  —  are  drawn 
full.  When  not  seen,  or  when  they  are  the  traces  of  auxiliary 
planes,  not  the  projecting  planes  of  straight  lines,  they  will  be 
drawn  dashed  and  dotted,  thus  : 


Lines,  or  portions  of  lines,  either  given  or  required,  when  seen, 
will  have  their  projections  full.     When  not  seen,  br  auxiliary, 
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In  the  construction  of  problems,  the  planes  of  projection  and 
all  auxiliary  surfaces  will  be  regarded  as  transparent. 

All  lines  or  surfaces  are  regarded  as  indefinite  in  extent, 
unless  limited  by  their  form,  or  a  definite  portion  is  considered 
for  a  special  purpose.  Thus  the  ground  line  and  projections 
of  lines  in  Fig,  9  are  supposed  to  be  produced  indefinitely,  the 
lines  delineated  simply  indicating  the  directions. 

Exercises  for  Practice 

Let  the  following  examples  be  treated  in  accordance  with 
Propositions  I  to  XXVIII.* 

Ex.  1.  State  in  what  angle  each  of  the  points  shown  in 
Fig.  10  is  located,  and  whether  the  point  is  nearer  II 
or  V. 

^1  -hi 


-l-i 
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Fig.  10. 
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Ex.  2.     Show  the  projections  of  the  following  points  properly 
lettered  and  with  distances  given. 

The  pt.  A,  1"  behind  V,  li"  below  H. 
The  pt.  B,  lying  in  V,  1"  below  H. 
The  pt.  C,  3"  in  front  of  V,  1"  above  H. 
The  pt.  D,  1"  behind  V,  lying  in  H. 

*In  these  examples,  ||  is  to  be  read  parallel;  ±,  perpendicular;   Z,  angle, 
and  ",  inches.     A  line  will  be  understood  to  be  straight,  unless  otherwise  stated. 
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The  pt.  E,  2"  behind  V,  11"  below  H. 

The  pt.  F,  1"  in  front  of  V,  1"  below  H. 

The  pt.  G,  lying  in  V,  2"  above  H. 

The  pt.  J,  1"  in  front  of  V,  lying  in  H. 

The  pt.  K,  lying  in  V,  lying  in  H. 

The  pt.  L,  in  3d  angle,  1"  from  H,  2"  from  V. 

The  pt.  M,  in  2d  angle,  3"  from  H,  2"  from  V. 

The  pt.  N,  in  1st  angle,  11"  from  H,  3i"  from  V. 

The  pt.  P,  in  4th  angle,  4"  from  H,  1"  from  V. 

Ex.  3.  If  the  H  projection  of  a  line  is  1|  to  the  ground  line, 
what  conclusion  do  you  draw  (a)  as  to  the  position  of  the  line  ? 
(J)  as  to  its  intersection  with  the  V  plane  ?  (c)  as  to  the  V 
trace  of  any  plane  passed  through  the  line  ? 

Ex.  4.  If  a  straight  line  lies  in  a  given  plane,  what  conclu- 
sion do  you  draw  as  to  the  points  where  the  line  pierces  the  H 
and  V  planes  respectively  ? 

Ex.  5.  If  the  H  trace  of  a  j^lane  is  ±  to  the  ground  line, 
what  conclusion  do  you  draw  (a)  as  to  the  position  of  the 
plane  ?  (5)  as  to  the  Z  between  the  plane  and  the  H  plane  ? 
(c)  as  to  the  V  projection  of  any  line  lying  in  the  plane  ? 
(c?)  as  to  the  Z.  between  the  plane  and  the  V  plane  ? 


Ex.  6.  Describe  the  situation  of  tlie  lines  in  Fig.  11  with 
respect  to  the  ground  line,  the  planes  of  projection,  and  the 
angles. 
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Ex.  7.     Show  the  projections  of  the  lines 

AB,  II  to  H,  II  to  V,  in  3d  angle. 

CD,  II  to  H,  ±  to  V,  in  2d  angle. 

EF,  II  to  H,  inclined  to  V,  in  1st  angle. 

GH,  inclined  to  H,  II  to  V,  in  1st  angle. 

JK,  ±  to  H,  II  to  V,  in  2d  angle. 

MN,  inclined  to  H,  inclined  to  V,  in  2d  angle. 

OP,  inclined  to  both  planes  of  projection  and  in  a  plane  per- 
pendicular to  the  ground  line,  in  1st  angle. 

QR,  inclined  to  V,  and  lying  in  H  beyond  the  ground  line. 

ST,  inclined  to  H,  and  lying  in  V  above  the  ground  line. 

UV,  lying  in  both  H  and  V. 

Ex.  8.  Construct  the  projections  of  two  lines,  AB  and  AC, 
intersecting  in  A,  one  II  to  H,  the  other  II  to  V. 

Ex.  9.  Show  the  projections  of  a  line  joining  a  point  A  in 
the  2d  angle  with  a  point  B  in  the  3d  angle. 

Ex.  10.  Show  the  projections  of  a  line  joining  a  point  C  in 
the  4th  angle  with  a  point  D  in  the  1st  angle. 


Fig,  12. 

Ex.  11.  Describe  the  situation  of  the  planes  in  Fig.  12 
with  respect  to  the  ground  line,  the  planes  of  projection,  and  the 
angles. 

Ex.  12.     Represent  by  their  traces  the  planes : 

A,  ±  to  both  H  and  V. 

B,  inclined  to  H  ;  ±  to  V. 
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C,  J.  to  H ;  inclined  to  V. 

D,  inclined  to  both  H  and  V. 

E,  -L  to  H  ;   II  to  V. 

F,  II  to  H  ;  ±  to  V. 

G,  II  to  the  ground  line,  but  not  passing  through  it. 
K,  containing  the  ground  line. 


The  Profile  Plane  of  Projection- 
Is.  While  most  problems  in  descriptive  geometry  can  be 
solved  by  means  of  two  planes  of  projection,  it  is  sometimes 
convenient  to  make  use  of  a  third  plane  perpendicular  to  both 
H  and  V,  and  called  the  profile,  or  P,  plane  of  projection.  It  is 
usually  placed  to  the  right  of  the  object ;  and  in  order  to  rep- 
resent on  a  single  sheet  of  papef  all  three  projections  of  the 
object,  the  profile  plane  is  rotated  about  its  vertical  trace  as  an 
axis  until  it  coincides  with  the  V  plane. 

The  direction  of  rotation  is  usually  such  as  to  bring  the  P  and 
V  projections  of  the  object  on  opposite  sides  of  the  profile  trace. 
This  practice  is  almost  universal  for  objects  in  the  second  or 
third  angle,  but  when  objects  are  placed  in  the  first  angle,  prac- 
tice differs.  For  the  purpose  of  uniformity  in  the  present  text, 
as  well  as  for  general  convenience,  the  direction  of  rotation  will 
be  such  that  the  portion  lying  in  front  of  the  V  plane  falls  to 
the  left  of  its  V  trace,  while  the  portion  lying  behind  the  V 
plane  falls  to  the  right  of  the  same. 

It  will  be  noticed  that  the  ground  line  and  the  profile  axis 
cross  at  right  angles  and  diyide  the  plane  of  the  paper  into  four 
quadrafits. 

20.  Proposition  XXIX.  If  a  point  is  in  the  first  angle,  its 
P  projection  will  appear  in  the  upper  left-hand  quadrant.  If  a 
point  is  in  the  second  angle,  its  P  projection  will  appear  in  the 
upper  right-hand  quadrant.    If  in  the  third  angle,  its  P  projection 
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appears  in  the  lower  right-hand  quadrant ;  and  if  in  the  fourth 
angle,  its  P  projection  is  in  the  lower  left-hand  quadrant. 

Aa  examination  of  Fig.  13  will  show  the  above  to  be  true, 
and  also  the  following  : 

21.  Proposition  XXX.  The  distance  of  the  P  projection 
of  a  point  from  the  ground  line  is  equal  to  the  distance  of  its  V 
projection  from  the  ground  line,  and  its  distance  from  the  profile 
axis  ZZj  is  equal  to  the  distance  of  the  H  projection  from  the 
ground  line. 

Hence,  to  determine  the  profile  projection  of  a  point  C  when 
its  H  and  V  projections  are  known,  we  draw  through  the  V 
projection  an  indefinite  line  c'oj  (Figs.  13  and  14)  parallel  to 
the  ground  line.  The  P  projection  will  lie  somewhere  in  this 
line.  AVith  X  as  a  center  and  the  distance  co  as  a  radius,  draw 
a  quarter  circle  o^p^  in  a  clockwise  direction.     At  the  point  Og 
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e  intersecting  c'oj  in  c", 
Similarly  for  the  point 


erect  a  perpendicular  to  the  ground  li 
the  required  profile  projection  of  C. 
D  in  the  third  angle. 

Ex.  13.     Let  the  student  assume  points  and  lines  in  each  of 
the  four  angles,  and  then  find  their  profile  projections. 


Pig.  15, 


22.   The  profile  trace  of  a  plane.     In  Fig.  15,  let  T  be  any 

oblique  plane.  Its  intersection  hv'  with  the  P  plane  of  projec- 
tion is  its  profile  trace.  When  the  profile  plane  has  been 
brought  into  coincidence  with  V  (Art.  19),  the  point  A,  where 
the  P  and  H  traces  meet,  will  revolve  to  the  position  Aj  in  the 


28 


PART   I 


ground  line.     The  point  v\  wliere  the  P  and  V  traces  meet,  will 
not  change.     Hence  the  protile  trace  will  take  the  position  h-^v' . 

To  determine  the  pro- 
y^  file  trace  of  a  plane,  hav- 
ing given  the  H  and  V 
traces,  we  proceed  as 
follows:  With  X  as  cen- 
ter, Fig.  16,  and  XA  as 
.  radius,  strike  the  quarter 
circle  AAj  in  a  clockwise 
direction  and  join  Aj  with 
the  point  v'  where  the  V 
trace  cuts  the  profile  axis. 
Ex.  14.  Assume 
planes  such  as  R,  S,  T, 
U,  and  W,  Fig.  12,  and 
find  the  profile  trace  of 
each. 

Ex.  15.     Assume  lines 
such  as  GI,  KL,  QR,  and 
MX,  Fig.    11,    and   find 
Fig.  16.  their  profile  projections. 


Construction  of  Elementary  Problems  relating  to 
THE  Point,  Line,  and  Plane 

23.  Having  explained  the  manner  of  representing  with  accu- 
racy points,  planes,  and  straight  lines,  we  are  now  prepared  to 
represent  the  solution  of  a  number  of  important  problems 
relating  to  these  magnitudes  in  space. 

In  every  problem  certain  points  and  magnitudes  are  given, 
from  which  certain  other  points  or  magnitudes  are  to  be  con- 
structed. 

Let  a  straight  line  be  first  drawn  on  the  paper  to  represent 
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the  ground  line;  then  assume,  as  in  Arts.  16,  17,  and  18,  the 
representations  of  the  given  objects.  The  proper  solution  of 
the  problem  will  now  consist  of  two  distinct  parts.  The  first 
is  a  clear  statement  of  the  principles  and  reasoning  to  be  em- 
ployed in  the  construction  of  the  drawing.  This  is  the 
analysis  of  the  problem.  The  second  is  the  construction, 
in  proper  order,  of  the  different  lines  which  are  used  and 
required  in  the  problem.  This  is  the  construction  of  the 
problem. 

24.   Problem  1.   To  find  the  points  in  which  a  given  straight 
line  pierces  the  planes  of  projection. 

Let  AB,   Fig.  17,  be  the  ground  line,  and  (m«,  m'n'),  or 
simply  MN,  the  given 
line. 

First.  To  find  the 
point  in  which  this 
line  pierces  the  hori- 
zontal plane. 

Analysis.  Since  the 
required  point  is  in 
the  horizontal  plane, 
its  vertical  projection 
is  in  the  ground  line 
(Art.  8)  ;  and  since 
the  point  is  in  the 
given  line,  its  vertical 
projection  will  be  in  the  vertical  projection  of  this  line  (Prop. 
V,  Art.  13)  ;  hence  it  must  be  at  the  intersection  of  this  verti- 
cal projection  with  the  ground  line.  The  horizontal  projection 
of  the  required  point  must  be  in  a  straight  line  drawn  through 
its  vertical  projection,  perpendicular  to  the  ground  line  (Prop. 
XXVI,  Art.  16),  and  also  in  the  horizontal  projection  of  the 
given  line ;    hence  it  will  be  at  the  intersection  of  these  two 


Fig.  17. 
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lines.  But  the  point  being  in  the  horizontal  plane  is  the  same 
as  its  horizontal  projection  (Art.  8);  hence  the  rule  : 

Produce  the  vertical  projection  of  the  line  until  it  intersects  the 
ground  line  ;  at  the  point  of  intersection  erect  a  perpendicular  to 
the  ground  line  and  produce  it  until  it  intersects  the  horizontal 
projection  of  the  line ;  this  point  of  intersection  is  the  required 
point. 

Construction.  Produce  m'n'  to  m';  at  7n'  erect  the  perpen- 
dicular m'm,  and  produce  it  to  w.     This  is  the  required  point. 

Second.  In  the  above  analysis,  by  changing  the  word  "ver- 
tical "  into  "  horizontal,"  and  the  reverse,  we  have  the  analysis 
and  rule  for  finding  the  point  in  which  the  given  line  pierces 
the  vertical  plane. 

Constructio7i.  Produce  mn  to  o  ;  at  o  erect  the  perpendicular 
oo',  and  produce  it  to  o'.     This  is  the  required  point. 

Ex.  16.  Assume  lines  similarly  situated  to  KL  and  MN, 
Fig.  11,  and  find  where  eacli  pierces  the  H  and  V  planes. 

25.  Problem  2.  To  find  the  length  of  a  straight  line  joining 
two  given  points  in  space. 

Let  AB,  Fig.  18,  be  the  ground  line,  and  (wm')  and  (nn'^ 
the  two  given  points. 

Analysis.  Since  the  required  line  contains  the  two  points, 
its  projection  must  contain  the  projections  of  the  points  (Prop. 
VI,  Art.  13).  Hence,  if  we  join  the  horizontal  projections  of 
the  points  by  a  straight  line,  it  will  be  the  horizontal  projection 
of  the  line  ;  and  if  we  join  the  vertical  projections  of  the  points, 
we  shall  have  its  vertical  projection. 

If  we  now  revolve  the  horizontal  projecting  plane  of  the  line 
about  its  horizontal  trace  until  it  coincides  with  the  horizontal 
plane,  and  find  the  revolved  position  of  the  points,  and  join 
them  by  a  straight  line,  it  will  be  the  required  distance,  since 
the  points  do  not  change  their  relative  position  during  the 
revolution. 
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Construction.     Draw  mn  and  m'n' .     MN  will  be  the  required 
line. 

Now  revolve  its  horizontal  projecting  plane  about  mn  until  it 


Fig.  is. 


coincides  with  H  ;  the  points  M  and  N  will  fall  at  m^  and  Wp 
at  distances  from  m  and  n  equal  to  rm'  and  sn'  respectively; 
join  m^  and  w^,  and  m^n■^^  will  be  the  required  distance. 

Since  the  point  o  in  which  the  line  produced  pierces  H  is  in 
the  axis,  it  remains  fixed.  The  line  m^n^  produced  must  then 
pass  through  o,  and  the  accuracy  of  the  drawing  may  thus  be 
verified. 

The  angle  mom^  is  the  angle  made  by  the  line  ]\1N  with  the 
horizontal  plane.  How  would  you  find  the  angle  with  the 
vertical  plane? 

26.   Second  method  for  the  same  problem. 

Analysis.  If  we  revolve  the  horizontal  projecting  plane  of 
the  line  about  the  projecting  perpendicular  of  either  of  its 
points  until  it  becomes  parallel  to  the  vertical  plane,  the  line 
will,  in  its  revolved  position,  be  projected  on  this  plane  in  its 
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true  length  (Prop.  XIV,  Art  14).  If  we  then  construct  this 
vertical  projection,  it  will  be  the  required  distance. 

Constriietion.  Revolve  the  horizontal  projecting  plane.  Fig. 
19,  about  the  perpendicular  at  m.  The  point  n  describes  the 
arc  nn-^  until  it  comes  into  the  line  mn^  parallel  to  the  ground 
line  ;  Wj  will  be  the  horizontal  projection  of  N  in  its  revolved 
position.  Its  vertical  projection  must  be  in  n-^n\  perpendicular 
to  the  ground  line  ;  and  since  during  the  revolution  the  point 
N  remains  at  the  same  distance  above  H,  its  vertical  projection 
must  also  be  in  the  line  n'n\  parallel  to  the  ground  line  (Prop. 
I,  Art.  7),  therefore  it  will  be  at  n'y 

The  point  M,  being  in  the  axis,  remains  fixed,  and  its  vertical 
projection  remains  at  tw';  m'n\  is  then  the  vertical  projection 
of  MN  in  its  revolved  position,  and  the  true  distance. 

By  examining  the  drawing,  it  will  be  seen  that  the  true  dis- 
tance is  the  hypotenuse  of  a  right-angled  triangle  w^iose  base 
is  the  horizontal  projection  of  the  line,  and  altitude  the  differ- 
ence between  the  distances  of  its  two  extremities  from  the 
horizontal  plane.  Also,  that  the  angle  at  the  base  is  equal  to  the 
angle  made  by  the  line  with  the  horizontal  plane.  Also,  that  the 
length  of  the  line  is  always  greater  than  that  of  its  projection, 
unless  it  is  parallel  to  the  plane  of  projection. 

Ex.  17.  Assume  lines  situated  similarly  to  KL  and  MN, 
Fig.  11,  and  find  the  true  length  of  each  by  the  first  method. 
Also  determine  the  angle  that  each  line  makes  with  H  and 
with  V. 

Ex.  18.  Assume  a  point  in  the  first  angle,  and  one  in  the 
third.  Find  the  distance  between  them  by  the  first  method  and 
then  by  the  second.     Compare  results. 

Ex.  19.  Find  the  projections  of  a  point  X  in  MN,  Fig.  11, 
at  a  distance  of  1"  from  M. 

Ex.  20.  Assume  a  line  BC,  parallel  to  the  profile  plane,  and 
find  where  it  pierces  H  and  V. 
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Ex.  21.  Find  a  point  W  in  the  line  MN,  Fig.  18,  equally 
distant  from  H  and  V. 

Ex.  22.  A  rod  2|  ft.  long  is  suspended  horizontally  by  verti- 
cal threads  3  ft.  long  attached  to  its  extreme  ends.  How  far  will 
the  rod  be  raised  by  turning  it  through  a  horizontal  angle  of  60°? 

Ex.  23.  Construct  the  projections  of  a  1^  in.  cube,  one 
"  body  diagonal "  being  perpendicular  to  H,  and  the  H  projec- 
tion of  one  edge  being  perpendicular  to  the  ground  line. 

Ex.  24.  Assume  a  point  P  in  the  third  angle.  It  represents 
a  particle  acted  upon  by  three  'forces  not  in  the  same  plane. 
Represent  these  forces  by  three  lines  of  different  lengths,  and 
find  the  direction  and  intensity  of  their  resultant. 

27.  Pkoblem  3.  To  assume  a  straight  line  lying  in  a  given 
plane. 

Every  straight  line  of  a  plane  must  pierce  any  other  plane  to 
which  it  is  not  parallel  in  the  common  intersection  of  the  two. 
Hence  (Prop.  XXI,  Art.  14)  if  we  take  a  point  in  each  trace 
and  join  the  two  by  a  straight 
line,  the  line  will  lie  wholly  in 
the  plane.  Or,  we  may  draw 
the  H  projection,  and  at  the 
points  where  it  intersects  the 
ground  line  and  the  horizontal 
trace  erect  perpendiculars  to 
the  ground  line  ;  join  the  point 
where  the  first  intersects  the 
vertical  trace  with  the  point 
where  the  second  intersects  the 
ground  line  —  this  will  be  the 
vertical  projection  of  the  line. 

Thus  in  Fig.  20,  assume  mn  as  the  H  projection  of  a  line 
lying  in  the  plane  T.  The  point  m  where  it  intersects  the  H 
trace  is  vertically  projected  in  the  ground  line  at  m'  (Art.  8). 

C.-B.   DESCRIP.    GEOM.  3 
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The  point  w  where  it  intersects  the  ground  line  is  vertically 
projected  in  the  V  trace  at  n'  (Art.  8).  Joining  m'  and  ti',  we 
have  the  V  projection  of  the  line. 

Second  Case.  If  the  H  projection  of  the  line  is  parallel  to  the 
H  trace  of  the  plane  in  which  it  lies,  its  V  projection  must  be 
parallel  to  the  ground  line  (Prop.  XXII,  Art.  14).  Hence  we 
have  only  to  produce  the  H  projection  to  the  ground  line,  find 
the  V  projection  of   that   point,  and  through  it   draw  the  V 

projection  of  the  line  parallel 
to  the  ground  line.  See  the 
line  MP,  Fig.  21. 

Ex.  25.  Represent  a  line 
CD  in  the  plane  R,  Fig. 
12,  assuming  the  H  projec- 
tion parallel  to  the  ground 
line. 

Ex.  26.     Represent  a  line 
EF  in  the  plane  S,  Fig.  12, 
assuming  the  V  projection 
parallel  to  the  ground  line. 
Ex.  27.     Represent  a  line 
Fig-  21.  MX  in  the  plane  T,  Fig.  12, 

assuming  the  V  projection  parallel  to  the  V  trace. 

28,  Problem  4.  Given  cither  projection  of  a  point  in  an 
oblique  plane,  to  determine  the  other  projection. 

If  through  the  given  projection  of  the  point  the  corresponding 
projection  of  any  line  of  the  plane  be  drawn,  and  then  the 
other  projection  of  the  line  be  found,  the  undetermined  projec- 
tion of  the  point  will  lie  in  the  corresponding  projection  of  the 
line  (Prop.  V,  Art.  13),  and  in  a  perpendicular  to  the  ground 
line  drawn  through  the  given  projection  of  the  point  (Prop. 
XXVI,  Art.  16).  Thus  let  m,  Fig.  21,  be  the  H  projection  of 
a  point  of  the  plane  T.     Through  it  draw  the  H  projection  no 
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of  any  line  of  the  plane.  This  line  is  vertically  projected  in 
n'o'  by  the  previous  problem,  and  the  V  projection  of  the  point 
will  be  found  in  this  line  and  also  in  the  perpendicular  to  the 
ground  line  mm' .  Or,  the  point  m'  might  have  been  found  by 
drawing  mp,  pp\  p'm\  mm'. 

Ex.  28.  Represent  a  point  M  in  each  of  the  planes  R,  T, 
and  W,  Fig.  12,  assuming  the  H  projection  first  and  then 
finding  the  V  projection. 

Ex.  29.  Represent  a  point  N  in  each  of  the  planes  S,  U,  and 
Y,  Fig.  12,  assuming  the  V  projection  first,  and  then  finding 
the  H  projection. 

29.   Problem  5.    To  pass  a  plane  through  three  given  points. 

Let  M,  N,  and  P,  Fig.  22,  be  the  three  points. 

Analysis.  If  we  join  any  two  of  the  points  by  a  straight 
line,  it  will  lie  in  the  required  plane,  and  pierce  the  planes  of 
projection  in  the  traces  of  this  plane  (Prop.  XXI,  Art.  14).  If 
we  join  one  of  these  points  with  the  third  point,  we  shall  have  a 
second  line  of  the  plane. 
If  we  find  the  points  in 
which  these  lines  pierce 
the  planes  of  projec- 
tion, we  shall  have  two 
points  of  each  trace. 
The  traces,  and  there- 
fore the  plane,  will  be 
fully  determined. 

Construction.  Join  m 
and  n  by  the  straight 
line  mn ;  also  m'  and  n' 
by  m'n'.  MN  will  be 
the  line  joining  the  first 
two  points.  This 
pierces    H    at    A,    and  Fig.  22. 
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V  at  v\  as  in  Problem  1.  Draw  also  np  and  71' p' ;  NP  will  be 
the  second  line.  It  pierces  H  at  <?  and  V  at  t'.  Join  h  and  c  by 
the  straight  line  he;  it  is  the  required  horizontal  trace.  Join 
v'  and  t' ;  t'v'  is  the  vertical  trace.  Or,  produce  he  until  it 
meets  the  ground  line,  and  join  this  point  with  either  v'  or  t'  for 
the  vertical  trace  (Prop.  VII,  Art.  14), 

If  either  MN  or  NP  should  be  parallel  to  the  ground  line,  the 
plane,  and  consequently  its  traces,  \vill  be  parallel  to  the  ground 
line  (Prop.  VIII,  Art.  14),  and  it  will  be  necessary  to  find  only 
one  point  in  each  trace. 

30-  To  pass  a  plane  through  two  straight  lines  which  either 
intersect  or  are  parallel,  we  have  simply  to  find  the  points  in 
which  these  lines  pierce  the  planes  of  projection,  as  in  the  pre- 
ceding problem.  If  the  lines  do  not  pierce  the  planes  of  pro- 
jection within  the  limits  of  the  drawing,  then  any  two  points  of 
the  lines  may  be  joined  by  a  straight  line,  and  a  point  in  each 
trace  may  be  determined  by  finding  the  points  in  which  this 
line  pierces  the  planes  of  projection. 

31.  To  pass  a  plane  through  a  point  and  a  straight  line,  join  the 
point  with  any  point  of  the  line  by  a  straight  line,  and  then 
pass  a  plane  through  these  lines ;  or  draw  through  the  point  a 
line  parallel  to  the  given  line,  and  then  pass  a  plane  through 
the  parallels,  as  above. 

Ex.  30.  Assume  a  point  A  in  the  second  angle,  a  point  B  in 
the  third  angle,  and  a  point  C  in  the  fourth  angle,  and  pass  a 
plane  S  through  them. 

Ex.  31.  Assume  two  lines,  WX  and  YZ,  each  parallel  to 
MN,  Fig.  11,  and  pass  through  thein  a  plane  T. 

Ex.  32.  Assume  two  intersecting  lines,  BC  and  DE,  one 
parallel  to  H  and  oblique  to  V,  the  other  parallel  to  V  and 
oblique  to  H.     Pass  a  plane  R  through  them. 

Ex.  33.  Assume  a  line  similar  to  KL,  Fig.  11,  and  a  point  X  in 
the  third  angle.     Pass  a  plane  T  through  the  poinfrand  the  line. 
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Ex.  34.  Assume  a  line  MX  whose  projections  do  not  inter- 
sect the  ground  line  within  the  limits  of  the  drawing.  Assume 
another  line  OP,  parallel  to  MN,  and  determine  the  plane  S 
of  the  two  lines. 

Ex.  35.  Assume  two  lines  CD  and  EF  each  parallel  to  the 
ground  line,  one  in  tlie  first  angle  and  one  in  the  third  angle. 
Pass  a  plane  T  through  them. 

32.  Problem  6.  To  pass  a  plane  through  a  given  point 
parallel  to  two  given  straight  lines. 

Through  the  given  point  draw  a  line  parallel  to  each  of  the 
given  lines.  The  plane  of  these  two  lines  will  be  the  required 
plane,  since  it  contains  a  line  parallel  to  each  of  the  given 
lines. 

33.  Problem  7.  To  pass  a  plane  through  a  given  straight 
line  parallel  to  another  straight  line. 

Through  any  point  of  the  first  line  draw  a  line  parallel  to 
the  second.  Through  this  auxiliary  line  and  the  first  pass  a 
plane.     It  will  be  the  required  plane. 

Ex.  36.  Assume  a  point  C  in  the  second  angle,  a  line 
MN  in  the  first  angle,  and  a  line  OP  in  the  third  angle.  Pass 
a  plane  T  through  the  point  and  parallel  to  both  lines. 

Ex.  37.  Make  the  construction  for  the  above  problem  when 
MN  is  parallel  to  the  ground  line. 

Ex.  38.  Assume  a  line  AB  in  the  first  angle  and  a  line  EF 
in  the  fourth  angle.  Pass  a  plane  S  through  EF  and  parallel 
to  AB. 

Ex.  39.  Make  the  construction  for  the  above  problem  when 
EF  is  parallel  to  the  ground  line. 

Ex.  40.  Given  two  lines  neither  parallel  nor  intersecting, 
to  pass  a  plane  parallel  to  both  and  equally  distant  from  each. 

Hint :  Draw  a  straight  line  from  a  point  in  the  first  line  to  a  point  in  the 
second.  Through  the  middle  point  of  this  line  pass  a  plane  parallel  to  the 
two  given  lines  (Art.  32). 
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34.  Problem  8.  Given  a  line  lying  in  H  for  V),  and  a  point 
in  space,  to  find  the  position  of  the  point  after  it  has  been  re- 
volved into  H  (or  V)  about  the  line  as  an  axis. 

Any  geometrical  magnitude  or  object  is  said  to  be  revolved 
about  a  straight  line  as  an  axis  when  it  is  so  moved  that  each 
of  its  points  describes  the  circumference  of  a  circle  whose  plane 
is  perpendicular  to  the  axis,  and  whose  center  is  in  the  axis. 


If  the  point  M,  Figs.  23  and  23  a,  is  revolved  about  an  axis  DE, 
in  the  horizontal  plane,  it  will  describe  the  circumference  of  a 
circle  whose  center  is  at  e  and  whose  radius  is  Me ;  and  since 
the  point  must  remain  in  the  plane  perpendicular  to  DE,  when 
it  reaches  the  horizontal  plane  it  will  be  at  mj  in  the  perpen- 
dicular cmwj,  at  a  distance  from  c  equal  to  ^Ic  ;  that  is,  it  will 
be  found  in  a  straight  line  passing  through  its  horizontal  projec- 
tion perpendicular  to  the  axis,  and  at  a  distance  from  the  axis 
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equal  to  the  hypoteyiuse  of  a  right-angled  triangle  of  which  the 
base  (mc)  is  the  distance  from  the  horizontal  projection  to  the  axis, 
and  the  altitude  (Mm)  equal  to 
the  distance  of  the  point  from  the 
horizontal  plane,  or  equal  to  the 
distance  (m'o)  of  its  vertical  pro- 
jection from  the  ground  line. 

Likewise,  if  a  point  be  re- 
volved about  an  axis  in  the 
vertical  plane  until  it  reaches 
the  vertical  plane,  its  revolved 
position  will  be  found  by  the 
same  rule,  changing  the  Avord 
horizontal  into  vertical,  and  the 
reverse. 

35.  Problem  9  a.  To  find 
the  angle  between  two  straight 
lines  which  intersect.  Fig.  23  o. 

Let  j\10  and  PO,  Fig.  24,  be  the  two  straight  lines,  assumed 
as  in  Prop.  XXVIII,  Art.  16. 

Aiialysis.  Since  the  lines  intersect,  a  plane  may  be  passed 
through  them.  Revolve  this  plane  about  its  horizontal  trace 
until  it  coincides  with  the  horizontal  plane,  and  find  the  re- 
volved position  of  the  two  lines.  Since  they  do  not  change 
their  relative  position,  their  angle,  in  this  new  position,  will  be 
the  required  angle. 

Construction.  The  line  MO  pierces  H  at  w,  and  the  line  PO 
at  p  (Art.  24) ;  np  is  then  the  horizontal  trace  of  the  plane 
containing  the  two  lines  (Art.  30).  Revolve  this  plane  about 
np  until  it  coincides  with  H.  The  point  O  falls  at  Oj  (Art.  34); 
the  distance  so^  being  equal  to  qo' ,  the  hypotenuse  of  a  right 
triangle  whose  base  hq  is  equal  to  the  distance  so,  and  whose 
altitude  is  the  distance  of  o'  from  the  ground  line.     The  points 
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n  and  p,  being  in  the  axis,  remain  fixed  ; 
revolved  position  of  ON,  and  o^p  of  OF; 

1 


o-^n  will  then  be  the 
and  the  angle  no^p 
will     be     the     re- 
quired angle. 

Note.  The  sup- 
plement of  the 
angle  7io^p  may 
also  be  regarded  as 
the  angle  between 
the  lines ;  but 
unless  otherwise 
specified-  the  lesser 
of  the  two  will  be 
regarded  as  the 
one  required. 

36.  Problem 
9  5.  To  find  the 
angle  between  two 
intersecting  lines, 
when  one  of  them 
is  parallel  to  either 
Hor  V. 

Let  it  be  required  to  find  the  angle  between  DE  and  EF, 
Fig.  25,  the  latter  being  parallel  to  H  (Prop.  XIV,  Art.  14). 

In  this  case  it  is  unnecessary  to  pass  a  plane  through  the  two 
lines,  since  the  line  EF  may  be  used  as  an  axis  about  which  ED 
may  be  revolved  until  it  is  parallel  to  the  H  plane.  The  angle 
will  then  be  projected  upon  H  in  its  true  magnitude  (Prop. 
XXIII,  Art.  14).  As  a  result  of  this  revolution  the  horizontal 
projection  of  any  point  in  the  revolved  line,  as  d,  will  move  in 
a  perpendicular  to  ef  a  distance  from  it  equal  to  of?j,  the  hypote- 
nuse of  a  right  triangle  whose  base  is  equal  to  do  and  whose 
altitude  is  the  distance  of  d'  from  the  V  projection  of  the  axis. 
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During  this  revolution  the  vertex  E  does  not  move.  Hence 
ed  takes  the  new  position  ed^,  and  the  angle  fed^  is  the  angle 
required. 

37.    Problem    10.       To       \^-~^ 
find    the    shortest    distance         \  "^"^--^ 

from    a    given    point    to    a 
given  straight  Una. 

Analysis.  The  required 
distance  is  the  length  of 
a  perpendicular  from  the 
point  to  the  line.  If 
through  the  given  point  and 
the  line  we  pass  a  plane, 
and  revolve  this  plane  about 
either  trace  until  it  coin- 
cides with  the  correspond- 
ing plane  of  projection,  the 
line  and  point  will  not 
change  their  relative  posi- 
tions ;  hence,  if  through  the 

revolved  position  of  the  jioint  we  draw  a  perpendicular  to  the 
revolved  position  of  the  line,  it  will  be  the  required  distance. 

Let  the  student  make  the  construction  in  accordance  with 
this  analysis. 

Ex.  41.  Assume  three  points  in  space,  A,  B,  and  C.  Join 
them  by  lines,  forming  a  triangle.  Determine  the  true  size 
and  shape  of  this  triangle  by  the  method  of  Problems  8  and 
9«. 

Ex.  42.  Assume  the  projections  of  a  parallelogram  in  the 
third  angle  (Prop.  XIX,  Art.  14),  and  determine  its  true  size 
and  shape. 

Ex.  43.  The  H  trace  of  a  plane  T  makes  an  angle  of  60° 
with   the    ground  line.     The    angle    between    the    two  traces 
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in  space  is  75°.     What  angle  does  the   V  trace  make  with  the 
ground  line? 

Ex.  44.  Assume  a,  6,  c,  c?,  e,  the  H  projections  of  the  five 
vertices  of  a  plane  pentagon,  and  a',  h\  c\  the  V  projections  of 
three  of  them.  Find  d' ^  e',  and  the  true  figure,  without  con- 
structing the  plane  of  the  pentagon. 


38.  Prorlem  11  a.  To  construct  the  projections  of  a  line 
bisecting  the  angle  between  two  given  lines. 

Let  OM  and  OP,  Fig.  26,  be  the  two  lines,  intersecting  in 
the  point  O. 

Analysis.  If  the  plane  of  the  two  lines  be  revolved  about 
its  horizontal  trace  into  H,  the  angle  will  then  be  shown  in  its 
true  size  (Art.  35)  and  may  be  bisected  by  a  straight  line.  If 
the  plane  be  then  revolved  to  its  primitive  position,  and  the 
true  position  of  one  point  of  the  bisector  be  determined,  and 
joined  with  the  vertex  of  the  given  angle,  we  shall  have  the 
required  line. 
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Construction.  Let  po-^n  be  the  revolved  position  of  the 
angle.  Bisect  it  by  o^q^  which  will  be  the  horizontal  projection 
of  the  bisector  in  its  revolved  position.  Revolving  the  plane 
to  its  primitive  position,  the  point  q  of  the  bisector  remains  fixed, 
while  Oj  returns  to  o.  Joining  a  and  5-,  we  have  the  H  projec- 
tion of  the  bisector. 

Since  the  point  Q  lies  in  H,  its  vertical  projection  must  be 
in  the  ground  line  at  q' .  Joining  q'  with  0',  we  have  the  verti- 
cal projection  of  the  required  bisector. 

39.  Problem  11  h.  To  construct  the  projections  of  a  line 
bisecting  the  angle  between  two  given  lines,  one  of  which  is 
parallel  to  H  or  V. 

In  this  case  the 
true  magnitude  of 
the  angle  is  found 
as  in  Fig.  25,  the 
axis  of  revolution 
being  the  given  line 
parallel  to  one  of 
the  planes  of  pro- 
jection. 

Let  EF  and  ED, 
Fig.  27,  be  the  two 
given  lines,  EF 
being  parallel  to 
H.  Revolving  ED 
about  EF  as  an 
axis  until  it  is  par- 
allel to  H,  as  in  Fig. 
25,  the  true  angle 
between  the  lines  is 

found  to  be  equal  to  fedy     The  line  en^  is  the  H  projection 
of  the  bisector  in  its  revolved  position.     To  bring  it  back  to 
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its  primitive  position,  join  d^^  with  any  convenient  point  in 
ef,  as  m.  The  bisector  cuts  this  auxiliary  line  in  n^.  When 
ED  is  revolved  to  its  primitive  position,  c?^  returns  to  d,  m 
remains  fixed,  d-^m  takes  the  position  dm,  n^  moves  along  a 
perpendicular  to  the  axis  (Art.  S-i)  to  the  position  n.  en  is 
then  the  horizontal  projection  of  the  bisector.  The  auxiliary 
line  MD  is  vertically  projected  in  m'd',  N  is  vertically  projected 
in  n'  (Prop.  V,  Art.  13),  and  e'n'  is  the  vertical  projection  of 
the  bisector. 

Note.  The  use  of  an  auxiliary  line  (of  which  the  above  is 
an  example)  joining  the  revolved  position  of  a  known  point 
with  a  point  in  the  axis  of  revolution,  is  applicable  to  many 
problems  where  it  is  desired  to  bring  points  from  their  re- 
volved to  their  primitive  positions. 

Ex.  45.  Assume  two  intersecting  lines,  AB  and  AC,  one  of 
which  is  parallel  to  the  ground  line.  Find  the  angle  between 
them,  and  the  projections  of  the  bisector  AN. 

Ex.  46.  Assume  two  intersecting  lines,  MN  and  MP,  one  of 
which  is  perpendicular  to  V.  Find  the  angle  between  them 
and  the  projections  of  the  bisector. 

Ex.  47.  Assume  two  intersecting  lines  similar  to  PO  and 
MO,  Fig.  26,  and  determine  the  projections  of  the  bisector  of 
the  supplementary  angle  formed  by  producing  ]M0  beyond  O. 

Ex.  48.  Assume  a  line  MN  and  a  point  P  outside  the  line. 
Construct  the  projections  of  a  li.ne  PC  making  an  angle  of  60° 
with  MN. 

Ex.  49.  Assume  a  plane  S,  and  a  line  AB  lying  in  that 
plane.  Through  B  pass  a  line  BC  lying  in  the  plane  and 
making  an  angle  of  60°  with  AB. 

Ex.  50.  Assume  a  line  in  the  third  angle,  and  a  point  C 
outside  the  line.  Construct  the  projections  of  a  regular  hexa- 
gon whose  center  is  at  the  point  C  and  one  of  whose  sides  lies 
in  the  assumed  line. 
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40.  Problem  12  a.     To  find  the  intersection  of  two  planes. 
Let  T  and  S,  Fig.  28,  be  the  t\A'o  planes. 

Analysis.  Since  the  line  of  intersection  is  a  straight  line 
contained  in  each  plane,  it  must  pierce  the  horizontal  plane  in 
the  horizontal  trace  of  each  plane  (Prop.  XXI,  Art.  14)  ;  that 
is,  at  the  intersection  of  the  two  traces.  For  the  same  reason,  it 
must  pierce  the  vertical  plane  at  the  intersection  of  the  vertical 
traces.  If  these  two 
points  be  joined  by  a 
straight  line,  it  will 
be  the  required  in- 
tersection. 

Construction.  The 
required  line  pierces 
H  at  0  and  Y  at  p'  : 
0  is  its  own  hori- 
zontal projection,  and 
p'  is  horizontally  pro- 
jected at  p ;  hence  po 
is  the  horizontal  pro- 
jection of  the  re- 
quired line ;  o  is 
vertically  projected 
at  o' ;  p'  is  its  own  vertical  projection  ;  and  o'j)'  is  the  vertical 
projection  of  the  required  line. 

41.  Problem  12  h.  To  find  the  intersection  of  two  planes 
when  either  the  horizontal  or  the  vertical  traces  do  not  intersect 
within  the  limits  of  the  drawing.  Let  T  and  S,  Fig.  29,  be  the 
planes  ;  HT  and  HS  not  intersecting  within  the  limits  of  the 
drawing. 

Analysis.  If  we  pass  any  plane  parallel  to  the  vertical  plane, 
it  will  intersect  each  of  the  given  planes  in  a  line  parallel  to  its 
vertical  trace,  and  these  two  lines  will  intersect  in  a  point  of 
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the  required  intersection.    A  second  point  may  be  determined  in 

the  same  way,  and  the  straight  line  joining  these  two  points  will 

be  the  required  line. 

Construction.  Draw 
mn  parallel  to  the 
ground  line ;  it  will 
be  the  H  trace  of  an 
auxiliary  plane.  It 
intersects  the  two 
given  planes  in  lines 
which  j^ierce  H  at  m 
and  ?i,  and  are  verti- 
cally jjrojected  in  m'V 
and  n'V  ;  V  is  the  ver- 
tical, and  I  the  horizon- 
tal projection  of  their 
intersection.  Draw  pq 
also  parallel  to  the 
ground  line,  and  thus 
determine  O.  LO  is 
Fig.  29.  the  required  line. 

Or,  since  the  point  C  in  which  the  vertical  traces  intersect  is 

a  point  of  the  required  line,  it  may  be  joined  directly  to  the 

point  L ;  the  second  auxiliary  plane  being  unnecessary  unless 

neither  pair  of  traces  intersect  within  the  limits  of  the  drawing. 
Ex.  51.    Assume  planes  similar  to  R  and  T,  Fig.  12,  and  find 

their  intersection. 

Ex.  52.    Assume  planes  similar  to  R  and  S,  Fig.  12,  but  with 

all  four  traces  intersecting  the  ground  line  at  the  same  point. 

Find  the  line  of  intersection  by  the  method  of  Problem  12  h. 
Ex.  53.    Find  the  intersection  of  two  planes,  both  parallel  to 

the  ground  line.     (It  will  here  be  convenient  to  make  use  of 

the  profile  plane  of  projection.) 
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Ex.  54.  Assume  two  oblique  planes,  S  and  T,  and  a  point  M 
outside  of  both.    Through  M  pass  a  line  j^arallel  to  both  planes. 

Ex.  55.  Given  two  intersecting  planes  (oblique)  and  a 
point  in  each,  to  find  the  shortest  path  in  these  planes  between 
the  two  points.     Analyze  and  construct. 

42.  PiujBLEM  13  a.  To  find  the  point  in  which  a  given  straight 
line  pierces  a  given  plane. 

Let  MN,  Fig.  30,  be  the  given  line,  and  T  the  given  plane. 

Analysis.     If  through  the  line  any  plane  be  passed,  it  will 
intersect  the  given  plane  in  a  straight  line,  which  must  contain 
the  required  point.     This  point  must  also  be  on  the  given  line; 
*  hence  it  will  be  at  the  inter- 
section of  the  two  lines. 

Construction.  Let  the 
auxiliary  plane  be  the  hori- 
zontal projecting  plane  of 
the  line ;  np  is  its  hori- 
zontal and  pp'  its  vertical 
trace  (Prop.  X,  Art.  14). 
It  intersects  T  in  a  straight 
line,  which  pierces  H  at  o 
and  V  at  p',  the  verti- 
cal projection  being  o'p' 
(Art.  40).  The  point  w', 
in  which  o' p'  intersects  m'n'., 
is  the  vertical  projection  of 
the  required  point ;  and  m 
is  its  horizontal  projection.  ^^°-  ^• 

The  accuracy  of  the  drawing  may  be  verified  by  using  the 
vertical  projecting  plane  of  MN,  as  an  auxiliary  plane,  and 
determining  m  directly,  as  represented  in  the  figure. 

Rule.  Produce  the  H  projection  of  the  line  to  the  H  trace  and 
to  the  ground  line.     At  these  points  erect  perpendiculars  to  the 
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ground  line.  Draw  a  straight  line  from  the  point  where  the  first 
intersects  the  ground  line  to  the  point  where  the  second  intersects 
the  V  trace.  The  point  where  this  line  cuts  the  V  projection  of 
the  given  line  is  the  V  projection  of  the  piercing  point.  Tliis  rule 
ivill  also  apply  when  H  is  changed  to  V  and  V  to  H. 

Ex.  56.  Assume  a  plane  like  S,  Fig.  12,  and  a  line  MN  in 
the  second  angle,  perpendicular  to  the  plane  (Prop.  XXIV, 
Art.  14).  Find  the  point  C  where  the  line  pierces  the 
plane. 

Ex.  57.  Assume  a  plane  like  R,  Fig.  12,  and  a  line  EB 
parallel  to  the  ground  line.  Find  the  point  P  where  the  line 
pierces  the  plane. 

Ex.  58.  Assume  a  plane  T  parallel  to  the  ground  line,  and 
a  line  EF  parallel  to  the  profile  plane.  Find  where  the  line 
pierces  the  plane. 

Ex.  59.  Assume  a  plane  like  T,  Fig.  12,  and  a  point  C  in 
the  second  angle.  Find  the  shortest  distance  from  the  point  to 
the  plane.     See  Prop.  XXIV  (Art.  14),  Art.  42,  and  Art.  25. 

Ex.  60.  Assume  a  point  P,  a  line  ED,  and  a  plane  S.  The 
point  P  is  a  source  of  light.  Find  the  shadow  cast  by  ED  upon 
the  plane  S. 

Ex.  61.  Assume  a  plane  like  R,  Fig.  12,  and  a  line  BC  in 
the  third  angle  whose  H  projection  is  parallel  to  HR  and  whose 

V  projection  is  parallel  to  VR.  Is  this  line  parallel  to  the 
plane  ?     Project  the  line  upon  the  plane  and  show  the  H  and 

V  projections  of  this  projection.  Remember  that  the  projection 
of  a  point  upon  any  plane  is  the  foot  of  a  perpendicular  dropped 
from  the  point  to  the  plane. 

Ex.  62.  Through  a  given  line  MN  to  pass  a  plane  T  perpen- 
dicular to  a  given  plane  S.     Analyze  and  construct. 

Ex.  63.  Assume  a  point  P  in  the  third  angle,  a  line  MN  in 
the  second  angle,  and  a  plane  T.  Pass  a  plane  S  through  P, 
parallel  to  MN  and  perpendicular  to  the  plane  T. 
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Ex.  64.  Assume  a  plane  T  and  a  line  MN  oblique  to  it. 
Pass  a  line  OP  lying  in  the  plane  and  perpendicular  to  MN. 
Analyze  and  construct. 

Ex.  65.  Assume  two  lines,  AB  and  CD,  not  in  the  same 
plane,  and  a  point  P  not  lying  in  either  line.  Through  the 
point  pass  a  third  line  PQ  touching  both  AB  and  CD. 

Ex.  Q6.  A  ray  of  light  emanating  from  a  given  point  strikes 
a  given  oblique  plane.  Find  the  points  1,  *2,  and  3  where  it  is 
successively  reflected  from  the  oblique  plane  and  the  two  planes 
of  projection. 

Ex.  67.  Assume  a  plane  like  R,  Fig,  12,  and  an  oblique  line 
EF  lying  in  that  plane.  Construct  the  three  projections  of  a 
cube  resting  in  R,  one  edge  of  the  lower  face  being  EF. 

Ex.  68.  Given  three  oblique  lines,  AB,  CD,  EF,  no  two  of 
which  are  in  the  same  plane,  to  construct  the  projections  of  a 
line  XZ  parallel  to  AB,  and  touching  CD  and  EF.  Analyze 
and  construct. 

43.  Problem  ISb.  To  find  the  point  in  which  a  given 
straight  line  pierces  a  plane,  when  the  plane  is  given  by  any  two 
of  its  straight  lines. 

Analysis.  If  we 
find  the  points  in 
which  these  two 
lines  pierce  either 
projecting  plane  of 
the  given  line,  and 
join  these  points 
by  a  straight  line, 
this  will  intersect 
the  given  line  in 
the  required  point. 

Construction.  Let  LN  and  LO,  Figs.  31  and  31  a,  be  the 
lines  of  the  given  plane,  intersecting  at  L,  and  QS  be  the  given 
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line.  The  line  LN  pierces  the  horizontal  projecting  plane  of 
QS  at  a  point  of  which  m  is  the  horizontal,  and  m'  the  vertical 
projection.     LO  pierces  the  same  plane  at  P,  and  p'm'  is  the 

vertical  projection  of  the 
line  joining  these  two 
points.  This  intersects 
q's'  at  /,  which  is  the 
vertical  projection  of  the 
required  point,  r  being 
its  horizontal  projection. 
Ex.  69.  Assume  two 
parallel  lines,  AB  and 
CD,  in  the  third  angle, 
and  a  line  XZ.  Find  the 
point  P  where  XZ  pierces 
the  plane  of  AB  and  CD. 
Ex.  70.  Assume  three 
points  in  .space,  A,  B,  and 
C,  and  find  the  point  X 
in  wliich  a  line  MX  pierces  the  plane  of  the  three  points,  with- 
out constructing  the  traces  of  the  plane. 

44.    PROBLEM  14.     Through  a  given  point  to  pass  a  plane  per- 
pendicular to  a  given  straight  line. 

Let  M,  Fig.  32,  be  the  given  point,  and  NO  the  given  line. 
Analysis.  Since  the  plane  is  to  be  perpendicular  to  the  line, 
its  traces  must  be  respectively  perpendicular  to  the  projections 
of  the  line  (Prop.  XXIV,  Art.  14).  We  thus  know  the  direc- 
tion of  the  traces.  Through  the  point  draw  a  line  parallel  to 
the  horizontal  trace  ;  it  will  be  a  line  of  the  required  plane,  and 
will  pierce  the  vertical  plane  in  a  point  of  the  vertical  trace. 
Through  this  point  draw  a  straight  line  perpendicular  to  the 
vertical  projection  of  the  line  ;  it  will  be  the  vertical  trace  of  the 
required  plane.     Through  the  point  in  which  this  trace  inter- 
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sects  the  ground  line  draw  a  straight  line  perpendicular  to  the 
horizontal  projection  of  the  line  ;  it  will  be  the  horizontal  trace. 

Construction.  Through  m  draw  mp  perpendicular  to  no  ;  it 
will  be  the  liorizontal  projection  of  a  line  through  M,  parallel 
to  the  horizontal  trace ; 
and  since  this  line  is 
parallel  to  H,  its  vertical 
projection  will  be  m'p' 
parallel  to  the  ground 
line.  This  line  pierces 
Vaty  (Art.  24).  Draw 
p'T  perpendicular  to 
n'o\  and  HT  perpendic- 
ular to  wo;  HT-VTwill 
be  the  required  plane. 
Or,  through  M  draw  a 
line  parallel  to  the  ver- 
tical trace.  It  pierces  H 
in  a  point  of  the  hori- 
zontal trace,  and  the 
accuracy  of  the  drawing 
may  thus  be  tested. 

Ex.  71.  Pass  a  plane  S  through  a  given  point  M  parallel  to 
a  given  plane  T.      Analyze  and  construct. 

Ex.  72.  Pass  a  plane  S  parallel  to  a  given  plane  R  and  at  a 
given  distance  from  it.      Analyze  and  construct. 

Ex.  73.  Given  three  points,  A,  B,  C,  not  in  the  same 
straight  line,  to  find  a  point  in  H  equally  distant  from  them. 
Analyze  and  construct. 

Ex.  74.  Assume  an  oblique  plane  R  and  an  oblique  line 
MN  lying  in  the  plane.  Pass  a  plane  T  through  MN  and  mak- 
ing an  angle  of  45°  with  R.     Analyze  and  construct. 

Ex.  75.     Assume  a  plane  like  R,  Fig.  12,  and  two  oblique 
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lines,  AB  and  CD.  Construct  the  projections  of  a  third  line 
^IN,  parallel  to  the  plane  R  and  touching  AB  and  CD.  Ana- 
lyze and  construct. 

Ex.  76.  Assume  a  point  M,  a  line  EF,  and  a  plane  S. 
Through  M  pass  a  line  MX,  touching  EF  and  parallel  to  S. 
Analyze  and  construct. 

45.  Problem  15.  To  construct  the  projections  of  a  circle 
lying  in  a  given  plane,  its  diameter  and  the  position  of  its  center 
being  known. 

Let  the  plane  T,  Fig.  33,  be  the  plane  of  the  circle,  and  C 
(assumed  as  in  Art.  28),  its  center. 

Analysis.  The  projection  of  any  circle  upon  a  plane  to  which 
it  is  neither  parallel  nor  perpendicular  will  be  an  ellipse  whose 
major  axis  is  the  projection  of  that  diameter  which  is  parallel 
to  the  trace  of  the  plane  of  the  circle  on  the  plane  of  projection, 
and  whose  minor  axis  is  the  projection  of  the  diameter  perpen- 
dicular to  that  trace.  The  length  and  direction  of  the  major 
axis  being  known,  it  can  be  drawn  at  once  (Props.  XIV  and 
XXII,  Art.  14).  The  extremities  of  the  minor  axis  may  be 
found  by  revolving  the  circle  about  its  trace  into  the  plane  of 
projection,  constructing  the  revolved  position  of  the  two  axes, 
and  returning  them  to  their  primitive  positions  by  the  principle 
noted  in  Art.  39. 

Construction.  Revolving  the  plane  T  about  its  horizontal 
trace  into  H,  the  center  C  falls  at  Cj,  and  the  circle  takes  the 
position  a^e^d^cjy  The  diameter  a^d^,  parallel  to  HT,  is  pro- 
jected upon  H  in  its  true  length  when  in  its  proper  position 
(Prop.  XIV,  Art.  14).  Its  H  projection  is  therefore  ad. 
The  H  projection  of  the  diameter  e^g^  perpendicular  to  HT, 
becomes  the  minor  axis  of  the  ellipse.  To  find  its  extremities, 
draw  a^g-Jc  and  e-^d^m.  The  points  a^  and  g^  revolve  back  to  a 
and  g  while  k  remains  fixed  ;  also  points  e^  and  d^  revolve  back 
to  e  and  d.  while  m  remains  fixed.     The  lines  then  take  the 
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positions  hga  and  mde  respectively,  and  the  line  ge  is  then  the 
H  projection  of  the  diameter  GE,  and  forms  the  minor  axis  of 
the  ellipse  into  which  the  circle  is  horizontally  projected.  The 
vertical  projection  may  be  found  by  a  repetition  of  this  process 
with  respect  to  the  vertical  trace,  as  shown  in  the  figure. 

Points  on  the  elliptical  curves  may  be  found  by  the  "  trammel 
method "'  thus :  Take  a  stiff  strip  of  paper  with  a  perfectly 
straight  edge  xz  and  a  sharp  corner  x.  Lay  off  xy  equal  to 
half  the  minor  axis,  and  xz  equal  to  half  the  major  axis.  Then 
place  the  strip  in  various  positions,  always  keeping  y  upon  the 
major  and  z  upon  the  minor  axis,  and  the  corner  x  will  give 
points  on  the  ellipse.  Having  found  a  sufficient  number  of 
them,  a  sijiooth  curve  may  be  drawn  by  means  of  a  draftsman's 
"irregular  curve." 

Ex.  77.  Given  a  point  P  and  a  line  MX,  to  construct  the 
projections  of  a  circle  whose  center  lies  in  MX  and  whose  cir- 
cumference passes  through  P.     Analyze  and  construct. 

Ex.  78.  Assume  a  point  A  in  the  first  angle,  a  point  B  in 
the  second  angle,  and  a  point  C  in  the  third  angle.  Join  them 
by  straight  lines  forming  a  triangle  ABC.  Construct  the  pro- 
jections of  the  inscribed  circle. 

Ex.  79.  Given  two  intersecting  lines  and  the  diameter  of  a 
circle  tangent  to  both,  to  construct  the  projections  of  the  circle. 
Analyze  and  construct. 

Ex.  80.  A  given  point  P  is  revolved  about  a  given  line  MX 
as  an  axis  through  an  arc  of  90°.  Show  the  projections  of  its 
new  position  and  of  its  path.     Analyze  and  construct. 

Ex.  81.  Assume  a  point  P,  and  an  oblique  line  MX  in  the 
third  angle.  The  point  is  revolved  about  the  line  as  an  axis, 
and  pierces  H  and  V  in  the  points  X  and  Y  respectively. 
Locate  these  points. 

Ex.  82.  Assume  a  plane  like  R,  Fig  12,  and  a  point  S  out- 
side the  plane.     With  S  as  a  vertex  construct  the  three  pro- 
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jections  of  a  right  circular  cone  with  base  in  R  and  elements 
making  an  angle  of  221°  with  the  axis. 

Note. —  Exercises  82,  92,  and  93  may,  if  the  instructor  prefers,  be  post- 
poned till  after  the  treatment  of  the  generation  and  classification  of  surfaces. 

46.  PiiOBLE>r  IG.  To  find  the  angle  which  a  given  straight 
line  makes  with  a  given  plane. 

Let  MX,  Fig.  34,  be  the  given  line,  and  T  the  given  plane. 

Analysis.  The  angle  made  by  the  line  with  the  plane  is  the 
same  as  that  made  by  the  line  with  its  projection  on  tlie  plane. 
Hence,  if  through  any 

point  of  the  line  a  per-         ^  m;, 

pendicular  be  drawn  to 
the  plane,  the  foot  of 
this  perpendicular  will 
be  one  point  of  the 
projection.  If  this 
point  be  joined  with 
the  point  in  which  the 
given  line  pierces  the 
plane,  we  shall  have 
the  projection  of  the 
line  on  the  plane. 
This  pi'ojection,  the 
perpendicular,  and  a 
portion  of  the  given 
line  form  a  right- 
angled  triangle,  of 
wliich  the  projection  is 
the  base,  and  the  angle  at  the  base  is  the  required  angle.  But 
the  angle  at  the  vertex,  that  is,  the  angle  between  the  perpen- 
dicular and  the  given  line,  is  the  complement  of  the  required 
angle ;  hence,  if  we  find  the  latter  angle  and  subtract  it  from 
a  right  angle,  we  shall  have  the  required  angle. 


Fig.  34. 
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Constructio7i.  Through  M  draw  the  perpendicular  MP  to  the 
plane  T  (Prop.  XXIV,  Art.  1-4).  It  pierces  H  in  p.  The 
given  line  pierces  H  in  o,  and  op  is  the  horizontal  trace  of  the 
plane  of  the  two  lines  (Art.  30).     Revolve  this  plane  about  op, 

and  determine  their 
angle  pm-^o,  as  in 
Art.  35.  Its  com- 
plement, j^nyi^,  is 
equal  to  the  re- 
quired angle. 

Ex.  83.  Let  the 
above  problem  be 
constructed  when 
the  plane  is  parallel 
to  the  ground  line. 

47.  Problem  17  a. 
To  find  the  angle 
between  two  given 
planes. 

Analysis.  If  we 
pass  a  plane  perpen- 
dicular to  the  inter- 
section of  the  two 
planes,  it  will  be  per- 
pendicular to  both, 
and  cut  from  each  a 

Fig.  35.  i.      •    i,i.   i- 

straight  line  perpen- 
dicular to  this  intersection  at  a  common  point.  The  angle 
between  these  lines  will  be  the  measure  of  the  required  angle. 

Construction.  Let  the  planes  S  and  T,  Fig.  35,  be  the  given 
planes.  Their  intersection  is  AB  (Art.  40).  M  is  any- 
assumed  point  in  AB.  A  plane  is  passed  through  M  perpen- 
dicular to  AB  (Art.  44),  and  v'(/',  perpendicular  to  a'b',  is  its 
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vertical  trace.  This  plane  cuts  the  planes  S  and  T  in  lines,  of 
which  m'x'  and  m'y'  are  the  vertical  projections.  The  angle 
between  the  lines  MX  and  MY  is  found  by  revolving  the  aux- 
iliary plane  about  x'y'  into  coincidence  with  V  (Art.  35).  m^  is 
the  revolved  position  of  the  vertex,  and  the  angle  x'm-^y'  is  the 
required  angle. 

48.  Second  method  for  the  same  problem. 

Analt/sis.  If  from  any  point  in  space  two  lines  be  passed  per- 
pendicular respectively  to  the  two  given  planes  (Prop.  XXIV, 
Art.  14),  the  angle  included  between  the  lines  will  be  equal 
to  the  angle  between  the  planes,  or  its  supplement  (Art.  35). 
Let  the  student  make  the  construction  in  accordance  with  this 
analysis. 

49.  Problem  17  b.  To  find  the  angle  between  a  given  plane 
and  either  plane  of  projection,  as  the  horizontal,  we  simply  pass 
a  plane  perpendicular 
to  their  intersection  ^v^w 
(in  this  case  the  hori- 
zontal trace),  as  in 
Fig.  36.  This  plane 
cuts  on  from  H,  and 
ON  from  the  plane 
T,  and  the  angle  oion-^, 
found  by  revolving 
the  auxiliary  plane 
about  071  (Art.  35), 
will  be  the  required 
angle  nn-^  =  7in'. 

In    the    same    way 
the  angle  p'q'pp  between  the  given  plane  and  vertical  plane, 
may  be  found. 

Ex.  84.    Find  the  angle  between  two  planes,  both    parallel 
to  the  ground  line. 


Fig.  36. 


58  PART  I 

Ex.  85.  Assume  two  intersecting  planes  as  in  Fig.  28,  and 
find  the  traces  of  tlie  plane  that  bisects  the  dihedral  angle 
between  them. 

Ex.  86.  Given  two  planes  and  a  straight  line,  to  find  a 
point  in  the  line  equally  distant  from  the  two  planes. 

Ex.  87.  Assume  four  points  A,  B,  C,  and  D,  in  the  third 
angle.  Let  them  be  taken  as  the  vertices  of  a  tetrahedron. 
Find  the  angle  between  two  of  the  faces  without  drawing  the 
traces  of  their  planes.     Analyze  and  construct. 

50.  Problem  18.  Either  trace  of  a  plane  being  given,  and 
the  angle  which  the  plane  makes  with  the  corresponding  plane  of 
projection,  to  construct  the  other  trace. 

Let  HT,  Fig.  36,  be  the  horizontal  trace  of  the  plane,  and 
def  the  angle  which  the  plane  makes  with  the  horizontal 
plane. 

Analysis.  If  a  straight  line  be  drawn  through  any  point  of 
the  given  trace,  perpendicular  to  it,  it  will  be  the  horizontal 
trace  of  a  plane  perpendicular  to  the  given  trace,  and  if  at 
the  same  point  a  line  be  drawn,  making  with  this  line  an  angle 
equal  to  the  given  angle,  this  will  be  the  revolved  position  of 
a  line  cut  from  the  required  plane  by  this  perpendicular  plane 
(Art.  49).  If  this  line  be  revolved  to  its  true  position,  and 
the  point  in  which  it  pierces  the  vertical  plane  be  found,  this 
will  be  a  point  of  the  required  vertical  trace.  If  this  point  be 
joined  with  the  point  where  the  horizontal  trace  intersects  the 
ground  line,  we  shall  have  the  vertical  trace. 

Construction.  Tlirough  o  draw  on  perpendicular  to  HT ; 
also  ouy,  making  the  angle  nouy  =  def ;  o/ij  will  be  the  revolved 
position  of  a  line  of  the  required  plane.  Wlien  this  line  is 
revolved  to  its  true  position,  it  pierces  V  at  n',  nn'  being  equal 
to  wwp  and  w'Tis  the  required  trace. 

If  the  given  trace  does  not  intersect  the'  ground  line  within  the 
limits  of  the  drawing,  the  same  construction  may  be  made  at  a 
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second  point  of  the  trace,  and  thus  another  point  of  the  verti- 
cal trace  be  determined. 

Ex.  88.  Assume  the  H  trace  of  a  plane  T  parallel  to  the 
ground  line.  The  plane  makes  an  angle  of  60°  with  H.  De- 
termine the  V  trace. 

Ex.  89.  Assume  the  H  trace  of  a  plane,  inclined  30°  to  the 
ground  line.  The  plane  makes  an  angle  of  45°  with  V.  De- 
termine the  V  trace.     Analyze  and  construct. 

Ex.  90.  Given  the  H  trace  -of  a  plane  T,  the  projections  of 
a  point  P,  and  the  distance  of  the  point  from  the  plane,  to 
construct  the  V  trace.  Analyze  and  construct.  How  many 
solutions  are  tliere? 

Ex.  91.  Construct  the  three  projections  of  a  2"  cube,  one 
edge  in  H  making  an  angle  of  30°  with  the  ground  line,  and 
one  face  inclined  30°  to  H  on  side  aivay  from  ground  line. 

Ex.  92.  Given  a  point  G,  and  the  H  trace  of  a  plane  S  in 
which  the  point  lies.  Find  the  V  trace,  and  then'  construct 
the  projections  of  a  sphere  of  2"  diameter  tangent  to  the  plane 
at  the  point  G. 

51.  Problem  10.  Through  a  given  point  to  pass  a  line  mak- 
ing given  angles  with  the  planes  of  projection. 

Let  it  be  required  to  pass  a  line  through  C,  Fig.  37,  making 
an  angle  of  30°  with  H  and  an  angle  of  45°  with  V.  If  we  con- 
ceive the  line  to  be  of  definite  length,  say  2",  and  to  be 
revolved  about  a  vertical  line  through  C  until  parallel  to  V, 
the  vertical  projection  of  the  line  will  then  be  the  true  length 
of  the  line  (Art.  26),  and  its  angle  with  the  ground  line  will 
be  the  angle  that  the  line  makes  with  H.  Let  (cc?^,  c'd'-^  be  the 
line  in  this  position.  If  the  line  is  now  revolved  back  to  its 
original  position,  the  H  projection  of  D  will  take  successive 
positions  in  tlie  arc  d^x,  and  the  V  projection  will  take  succes- 
sive positions  in  the  line  d\d'  parallel  to  the  ground  line. 

Now  conceive  the  line  to  be  revolved  about  an  axis  through 
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C  perpendicular  to  the  vertical  plane  until  it  is  parallel  to  H. 
The  horizontal  projection  of  the  line  will  then  be  the  true 
length  of  the  line,  and  its  angle  with  the  ground  line  will  be  the 
angle  that  the  line  makes  with  V.  (^cd^,  c'd'^)  is  the  line  in  this 
position.    When  the  line  is  revolved  back  to  its  original  position, 


the  horizontal  projection  of  D  will  take  successive  positions  in 
a  line  through  d^  parallel  to  the  ground  line.  Where  this  line 
intersects  the  arc  d^c  must  be  the  proper  position  for  d.  Also 
the  vertical  projection  of  D  will,  during  this  revolution,  take 
successive  positions  in  the  arc  d'^y\  and  must  therefore  be  at 
cZ',  the  intersection  between  this  arc  and  the  line  d\d'. 


ORTHOGRAPHIC   PROJECTIONS  61 

There  are  four  possible  solutions  to  this  problem,  shown  in 
Fig.  37  at  the  right.  If  a  second  line  be  drawn  through  c'  so  as 
to  make  the  same  angle  with  the  ground  line  as  the  first,  and 
similarly  a  second  line  be  drawn  through  c,  we  may  letter  these 
four  lines  in  such  a  way  that  they  will  represent  the  projections 
of  four  different  lines,  CD,  CE,  CF,  and  CG,  all  making  an 
angle  of  30°  with  H  and  an  angle  of  45°  with  V. 

52.  Problem  20.  Through  a  given  point  to  pass  a  plane 
making  given  angles  with  the  planes  of  projection. 

Analysis.  If  a  line  is  perpendicular  to  a  plane,  the  angles 
between  the  line  and  the  planes  of  projection  will  be  the  com- 
plements of  the  angles  between  the  plane  and  the  planes  of 
projection.  Hence  if  we  construct  a  line  making  wdth  H  and 
V  the  complements  of  the  required  angles,  a  plane  through  the 
given  point  perpendicular  to  this  line  will  make  the  required 
angles  with  H  and  V.  If,  for  example,  it  is  required  to  pass  a 
plane  making  an  angle  of  40°  with  H  and  an  angle  of  70°  with 
V,  we  first  construct  a  line  making  an  angle  of  90°  —  40°  with  H 
and  an  angle  of  90°  —  70°  with  V;  then  we  pass  through  the 
given  point  a  plane  perpendicular  to  this  line. 

Note.  The  sum  of  the  angles  made  by  a  j)l(ine  with  H  and  V 
cannot  he  less  than  90° ;  and  the  sum  of  the  angles  made  by  a 
straight  line  with  H  and  V  cannot  exceed  90°. 

Ex.  93.  Given  a  point  in  the  third  angle  as  the  center  of  a 
pulley  turning  on  an  inclined  shaft  making  given  angles  with 
H  and  V.  Given  also  the  diameter  of  the  pulley,  the  diameter 
of  the  shaft,  and  the  thickness  of  the  pulle}-,  to  construct  its  two 
projections. 

Ex.  94.  Construct  the  three  prajections  of  a  regular  hex- 
agonal prism  3^'  high,  each  side  of  Avhose  base  is  1",  the  base 
making  an  angle  of  30°  with  H  and  75°  with  V;  one  edge  of 
the  base  being  parallel  to  H;  the  center,  C,  being  |"  from  H 
and  11"  from  V. 
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53.  Problem  21.  To  find  the  shortest  line  that  can  be 
drawn,  terminating  in  two  straight  lines,  not  in  the  same  plane. 

Let  ]MN,  Fig.  38,  and  OP  be  the  two  straight  lines. 

Analysis.  The  required  line  is  manifestly  a  straight  line, 
perpendicular  to  both  of  the  given  lines.     If  through  one  of 

J?' 


tlie  lines  we  pass  a  plane  parallel  to  the  other,  and  then  project 
this  second  line  on  this  plane,  this  projection  will  be  parallel  to 
the  line  itself  (Prop.  XIV,  Art.  14),  and  therefore  not  parallel 
to  the  first  line.  It  will  tlien  intersect  the  first  line  in  a  point. 
If,  at  this  point,  we  erect  a  perpendicular  to  the  plane,  it  will 
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be  contained  in  the  projecting  plane  of  the  second  line,  be  per- 
pendicular to  both  lines,  and  intersect  them  both.  That  portion 
included  between  them  is  the  required  line. 

Construction.  Through  MN  pass  a  plane  parallel  to  OP 
(Art.  33).  7nr  is  its  horizontal,  and  k'n'  its  vertical  trace. 
Through  any  point  of  01%  as  Q,  draw  QU  perpendicular  to 
this  plane.  It  pierces  the  plane  at  U  (Art.  42)  ;  and  this  is  one 
point  of  the  projection  of  OP  on  the  parallel  plane.  Through 
U  draw  UX  parallel  to  OP  ;  it  will  be  the  projection  of  OP  on 
the  plane.  It  intersects  MX  in  X,  which  is  the  point  through 
which  the  required  line  is  to  be  drawn,  and  XY,  perpendicular 
to  the  plane,  is  the  required  line,  the  true  length  of  which  is 
x^y^  (Art.  25). 

Ex.  95.  Assume  two  lines,  BC  and  MN,  one  in  the  third 
angle  and  parallel  to  the  ground  line,  the  other  in  the 
second  angle  and  oblique.  How  can  we  tell  whether  they 
intersect  ?  Find  the  common  perpendicular,  XY,  to  these 
lines. 

Ex.  96.  Assume  two  lines,  one  of  which  is  perpendicular 
to  H,  and  find  the  shortest  line  between  them. 

Classification  of  Lines 

54.  Every  line  may  he  regarded  as  generated  hy  the  continued 
motion  of  a  point.  If  the  generating  point  be  taken  in  any 
position  on  the  line,  and  then  be  moved  to  its  next  position, 
these  two  points  may  be  regarded  as  forming  an  infinitely  small 
straight  line  or  elementary  line.  Tlie  two  points  are  consecutive 
points.,  or  points  having  no  distance  between  them,  and  may 
practically  be  considered  as  one  point. 

The  line  may  thus  be  regarded  as  made  up  of  an  infinite 
number  of  infinitely  small  elements,  each  element  indicating 
the  direction  of  the  motion  of  the  point  while  generating  that 
part  of  the  line. 
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55.  The  law  which  directs  the  motion  of  the  generating 
point  determines  the  nature  and  class  of  the  line. 

If  the  point  moves  always  in  the  same  direction,  that  is,  so 
that  the  elements  of  the  line  are  all  in  the  same  direction,  the  line 
generated  is  a  straight  line. 

If  the  point  moves  so  as  continually  to  change  its  direction 
from  point  to  point,  the  line  generated  is  a  curved  line,  or 
curve. 

If  all  the  elements  of  a  curve  are  in  the  same  plane,  the  curve 
is  of  single  curvature. 

If  no  three  consecutive  elements,  that  is,  if  no  four  consecutive 
points,  are  in  the  same  plane,  the  curve  is  of  double  curvature. 

We  thus  have  three  general  classes  of  lines : 

(1)  Straight  or  right  lines:  all  of  whose  points  lie  in  the 
same  direction. 

(2)  Curves  of  single  curvature,  or  plane  curves  :  all  of  whose 
points  lie  in  the  same  plane. 

(3)  Curves  of  double  curvature,  or  space  curves  :  no  four  con- 
secutive points  of  which  lie  in  the  same  plane. 

Projection  of  Curves 

56.  If  all  the  points  of  a  curve  be  projected  upon  the  hori- 
zontal plane,  and  these  projections  be  joined  by  a  line,  this  line 
is  the  horizontal  projection  of  the  curve. 

Likewise,  if  the  vertical  projections  of  all  the  points  of  a 
curve  be  joined  by  a  line,  it  will  be  the  vertical  projection  of  the 
curve. 

57.  The  two  projections  of  a  curve  being  given,  the  curve  will 
in  general  be  completely  determined.  For  in  the  same  perpen- 
dicular to  the  ground  line  two  points,  one  on  each  projection, 
may  be  assumed,  and  the  corresponding  point  of  the  curve  de- 
termined, as  in  Art.  8.  Thus  m  and  m'.  Fig.  39,  being  assumed 
in  a  perpendicular  to  the  ground  line,  M  will  be  a  point  of  the 
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curve,  and  in  the  same  way  every  point  of  the  curve  may  in 
general  be  determined. 

58.  If  the  plane  of  a  curve 
of  single  curvature  is  perpen- 
dicular to  either  plane  of  pro- 
jection, the  projection  of  the 
curve  on  that  plane  will  be  a 
straight  line,  and  all  of  its 
points  will  be  projected  into 
the  trace  of  the  plane  on  this 
plane  of  projection. 

If  the  plane  of  the  curve  be 
perpendicular    to    the    ground    line,   both    projections   will    be 
straight  lines,  perpendicular  to  the  ground  line,  and  the  curve 
will  be   undetermined,   unless   the   projections  of  a  sufficient 
number  of  its  points  are  determined. 

If  the  plane  of  the  curve  be  parallel  to  either  plane  of  pro- 
jection, its  projection  on  that  plane  will  be  equal  to  itself,  since 
each  element  of  the  curve  will  be  projected  into  an  equal  ele- 
ment (Prop.  XIV,  Art.  14).  Its  projection  on  the  other  plane 
will  be  a  straight  line  parallel  to  the  ground  line. 

The  projection  of  a  space  curve  can  in  no  case  be  a  straight 
line. 

59.  The  points  in  which  a  curve  pierces  either  plane  of  pro- 
jection can  be  found  by  the  same  rule  as  in  Art.  24.  Thus  o, 
Fig.  39,  is  the  point  in  which  the  curve  MN  j)ierces  H,  and  p' 
the  point  in  which  it  pierces  V. 

Tangents  and  Normals  to  Lines 

60.  Tangent  line.  If  a  straight  line  be  drawn  through  any 
point  of  a  curve,  as  M,  Fig.  40,  intersecting  it  in  another  point, 
as  M',  and  then  the  second  point  be  moved  along  the  curve 
towards  M,  until  it  coincides  with  it,  the  line  containing  both 
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points  during  the  motion  will  become  tangent  to  the  curve  at  M, 

which  is  the  point  of  contact. 

When  the  point  M'  becomes  consecutive  with  M,  the  line  thus 

containing  the  element  of  the  curve  at  M(Art.  5-1)  may,  for  all 

practical  purposes,  be  regarded 
as  the  tangent ;  hence  we  say 
that  a  straight  line  is  tangent  to 
another  line  when  it  contains  two 
consecutive  points  of  that  line. 

Two  curves  are  tangent  to 
each  other  when  they  contain 
two  consecutive  points,  or  have, 

T''    /  \.  at  a   common  point,   a  common 

Fio.  40.  O 

tangent. 

If  a  straight  line  is  tangent  to  a  plane  curve,  it  will  he  contained 
in  the  plane  of  the  curve.  For  it  passes  through  two  points  in 
that  plane,  viz.   the  two  consecutive  points  of  the  curve. 

Also,  if  a  straight  line  is  tangent  to  another  straight  line,  it  will 
coincide  with  it,  as  the  two  lines  have  two  points  in  common. 

The  expression  "a  tangent  to  a  curve"  or  "a  tangent"  wdll 
hereafter  be  understood  to  mean  a  rectilinear  tangent  unless 
otherwise  mentioned. 

61.  Projections  of  tangents.  If  two  lines  are  tangent  in  space., 
their  projections  on  the  same  plane  will  he  tangent  to  each  other. 
For  the  projections  of  the  two  consecutive  points  common  to 
the  two  lines  will  also  be  consecutive  points  common  to  the 
projections  of  both  lines  (Art.  bQ'). 

The  converse  of  this  is  not  necessarily  true.  But  if  both  the 
horizontal  and  vertical  projections  are  tangent  at  points  which 
are  the  projections  of  a  common  point  of  the  two  lines  (Prop. 
XXVI,  Art.  16),  the  lines  will  be  tangent  in  space ;  for  the 
projecting  perpendiculars  at  the  common  consecutive  points  will 
intersect  in  two  consecutive  points  common  to  the  two  lines. 
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62.  Normal.  If  a  straight  line  be  drawn  perpendicular  to  a 
tangent  at  its  point  of  contact,  as  MO,  Fig.  40,  it  is  a  normal  to 
the  curve.  As  an  infinite  number  of  perpendiculars  can  be  thus 
drawn,  all  in  a  plane  perpendicular  to  MT  at  M,  there  will 
be  an  infinite  number  of  normals  at  the  same  point. 

If  the  curve  be  a  plane  curve,  the  term  "■  normal "  will  be 
understood  to  mean  that  normal  which  is  in  the  plane  of  the 
curve  unless  otherwise  mentioned. 

63.  Rectification.  If  we  conceive  a  curve  to  be  rolled  on  its 
tangent  at  any  point  until  each  of  its  elements  in  succession 
comes  into  this  tangent,  the  curve  is  said  to  be  rectified ;  that 
is,  a  straight  line  equal  to  it  in  length  has  been  found.  Since 
the  tangent  to  a  curve  at  a  point  contains  the  element  of  the 
curve,  the  angle  which  the  curve  at  this  point  makes  with  any 
line  or  plane  will  be  the  same  as  that  made  by  the  tangent. 

64.  To  rectify  a  circular  arc.  Let  AB,  Fig.  41,  be  the  arc, 
and  AD  a  tangent  to  the  circle  at  A.  Draw  the  chord  BA, 
and  produce  it  to  E  so  that 
AE  =  I  BA.  With  E  as  center 
and  EB  as  radius,  strike  the  arc 
BF.  Then  AF  will  be  equal  to 
the  arc  AB,  nearly. 
This  method  is  suf- 
ficiently accurate 
only  when  the  angle 
BCA  is  less  than 
60°.  For  arcs  sub- 
tending    angles 

greater  than  60°  the 

^  Fig.  41. 

method  may  be  ap- 
plied to  some  aliquot  part  of  the  arc,  and  the  result  spaced  off 
the  proper  number  of  times  with  the  dividers.      Thus  the  arc 
AG  is  equal  to  2  AP^  or  AH. 


,H 
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If  the  value  of  the  angle  6  is  known  in  degrees,  the  length  of 
the  arc  should  be  calculated  by  means  of  the  relation 

Arc  AB  ^    6*^ 

2  ttR         360°' 

or  Arc  AB  =  0.01748  R6'°. 

This  calculated  result  may  then  be  laid  off  with  the  drafts- 
man's scale. 

65.  To  lay  off  a  straight  line  upon  a  circular  arc.     Let  it  be 

required  to  lay  off  the  distance  AF",  Fig.  41,  upon  the  circular 
arc.  Divide  AF  into  four  equal  parts.  With  the  division 
nearest  to  A  as  center,  strike  an  arc  through  F  intersecting  the 
circle  in  B.  The  arc  AB  will  then  be  equal  to  AF,  nearly. 
This  method  is  not  accurate  when  the  subtended  angle  6  is 
greater  than  60°. 

66.  To  lay  off  any  line,  curved  or  straight,  upon  any  other 
line.     Let  it  be  required  to  lay  off  upon  the  line  AD,  Fig. 

42,  a  length  equal  to  AB  ; 
the  two  curves  being  tan- 
gent at  the  point  A. 
Separate  the  points  of  the 
dividers  a  distance  Bl  such 
that  the  chord  subtended 
will  nearly  equal  the  arc. 
Starting  at  B,  step  off  1, 
2,  3,  etc.,  along  the  line 
BA  until  the  point  nearest 
to  the  point  of  tangency  is  reached.  Then,  without  lifting  the 
dividers  from  the  paper,  step  off  from  this  last  point  the  same 
number  of  divisions  along  the  line  AD.  Then  AE  will  be 
practically  equal  to  AB.  Care  should  be  taken  that  the  points 
1,  2,  3,  etc.,  where  the  dividers  rest,  are  exactly  on  the  line. 


ORTHOGRAPHIC  PROJECTIONS 


69 


Construction  of  Certain  Plane  Curves 
67.   An  ellipse  may  be  generated  by  a  point  moving  in  the 
same  plane,  so  that  the  sum  of   its  distances  from  two  fixed 
points   shall   be   con- 


K 


0             X     ^F,    j 

^=^-^7%^ 

\  ^^^-^ 

stantly  equal  to  a 
given  straight  line. 
Tlie  two  fixed  points 
are  tha  foci. 

To  construct  an 
ellipse.  Let  F  and 
l\.  Fig.  43,  be  the 
two  foci,  and  AB  the 
given  line,  so  placed 
that    AF  =  BFi.  I       \ 

Take  any  ]3oint  as  X       \ 

between    F   and    Fj.        \ 

With  F  as  a  center  \^ 

and  AX  as  a  radius, 

describe  an  arc.  With 

Fj   as   a   center    and 

BX  as  a  radius,  describe  a  second  arc,  intersecting  the  first  in 

the  points   M  and  P.     These  will  be  points,  of  the  required 

curve,  since        pp  _^  pp^  ^  ^^  ^  ^^  ^  ^^ 

In  the  same  way  all  the  points  may  be  constructed.     A  and 
B  are  evidently  points  of  the  curve,  since 


also 


AF  +  Al\ 
BF,  +  BF 


BFj  +  AFj  =  AB  ; 
AB. 


The  point  O,  midway  between  the  foci,  is  the  center  of  the 
curve.      The  line  AB,  passing  through  the  foci  and  terminating 


m 


the  curve,  is  the  transverse  or  major  axis  of  the 


curve. 


70  PART  I 

The  points  A  and  B  are  the  vertices  of  the  curve.  CD,  per- 
pendicular to  AB  at  its  middle  point,  is  the  conjugate  or  minor 
axis  of  the  curve. 

If  the  two  axes  are  given,  the  foci  may  be  constructed  thus  : 
With  C,  the  extremity  of  the  conjugate  axis,  as  a  center,  and 
OA,  the  semi-transverse  axis  as  a  radius,  describe  an  arc  cutting 
AB  in  F  and  Fj.     These  points  will  be  the  foci,  for 

CF  +  CFi  =  2  OA  =  AB. 

To  construct  a  tangent  to  an  ellipse  at  a  point  on  the  curve. 
Let  P  be  the  given  point.  Draw  the  focal  radii  PF  and  PFj. 
The  line  PT,  bisecting  the  angle  FPE,  is  the  required  tangent. 

To  construct  a  tangent  to  an  ellipse  from  a  point  without  the 
curve.  Let  S  be  the  given  point.  With  Fj  as  center  and  AB 
as  radius,  strike  an  arc.  With  S  as  center  and  SF  as  radius, 
strike  an  arc  cutting  the  first  arc  in  the  points  G  and  H.  The 
lines  FjG  and  FjH  intersect  the  curve  in  the  points  of  tangency 
Tj  and  Tg.     STj  and  ST2  are  the  required  tangents. 

68.  A  parabola  may  be  generated  by  a  point  moving  in  the 
same  plane,  so  that  its  distance  from  a  given  point  shall  be 
constantly  equal  to  its  distance  from  a  given  straight  line. 

The  given  point  is  the  focus,  the  given  straight  line  the 
directrix. 

If  through  the  focus  a  straight  line  be  drawn  perpendicular 
to  the  directrix,  it  is  the  axis  of  the  parabola ;  and  the  point 
in  which  the  axis  intersects  the  curve  is  the  vertex. 

To  construct  a  parabola.  Points  on  the  curve  may  be  con- 
structed from  the  definition  thus  :  Let  F,  Fig.  44,  be  the 
focus,  and  EK  the  directrix.  Through  F  draw  FD  perpen- 
dicular to  EK.  It  will  be  the  axis.  The  point  V,  midway 
between  F  and  D,  is  a  point  of  the  curve,  and  is  the  vertex. 
Take  any  point  on  the  axis,  as  X,  and  erect  the  perpendicular 
XP  to  the  axis.     With  F  as  a  center,  and  DX  as  a  radius, 
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describe    an   arc   cutting   XP    in  the    two  points   P    and   M. 
These  will  be  points  of  the  curve,  since 

FP  =  DX  =  OP,  also  FM  =  DX. 

In  the  same  way  all  the  points  may  be  constructed. 

To  construct  a  tangent  to  a  parabola  at  a  point  on  the  curve. 
Let  P  be  the  given  point.     Draw  FP,  and  the  line  PO  per- 
pendicular to  EK.     The 
line    PT,    bisecting    the 
angle    FPO,    is    the    re- 
quired tangent. 

To  construct  a  tangent 
to  a  parabola  from  a  point 
without  the  curve.  Let  S 
be  the  given  point.  With 
S  as  center  and  SF  as 
radius,  strike  an  arc  cut- 
ting the  directrix  in  the 
points  G  and  H.  Lines 
through  these  points  par- 
allel to  the  axis  DY  of  the 
parabola,  cut  the  curve  in 
the  points  of  tangency  Tj 
and  Tg.  STj  and  STg  are 
the  required  tangents. 

69.  A  hyperbola  may  be  generated  by  moving  a  point  in  the 
same  plane,  so  that,  the  difference  of  its  distances  from  two  fixed 
points  shall  be  equal  to  a  given  line. 

The  two  fixed  points  are  the  foci. 

To  construct  a  hyperbola.  Let  F  and  Fj,  Fig.  45,  be  the  two 
foci,  and  AB  the  given  line.  Select  any  point,  as  X,  on 
the  line  AB  produced,  and  with  F  as  a  center  and  AX  as  a 
radius,  strike  an  arc.      Then  with    Fj  as  center  and    BX  as 


Fig.  44. 
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radius,  strike  an  arc  cutting  the  first  arc  in  the  points  P  and  M. 
These  will  be  points  on  the  curve,  since  AX  — BX  =  AB; 
and  hence  FP  -  FjP  =  AB,  and  FM  -  F^M  =  AB.  If  F^  is 
taken  as  center  and  AX  as  radius,  and  then  F  as  center  with 
BX  as  radius,  we  shall  get  points  R  and  N  on  the  other  branch 


of  the  hyperbola.  B}^  selecting  other  points  than  X  on  the 
line  AB  produced,  and  proceeding  in  a  similar  manner,  any 
number  of  points  on  the  curve  may  be  determined. 

The  points  A  and  B  are  the  vertices  of  the  hyperbola.  The 
point  C,  midway  between  the  foci,  is  the  center^  and  AB  is  the 
transverse  axis.  A  perpendicular,  DE,  to  the  transverse  axis 
at  the  center  is  the  indefinite  conjugate  axis.  It  evidently  does 
not  intersect  the  curve. 
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To  construct  a  tangent  to  the  hyperbola  at  a  point  on  the 
curve.  Let  P  be  the  given  point.  Draw  the  focal  radii  FP 
and  FjP.  The  line  PT,  bisecting  the  angle  FPF^,  is  the  required 
tangent. 

To  construct  a  tangent  to  the  hyperbola  from  a  point  without 
the  curve.  Let  S  be  the  given  point.  With  Fj  as  center  and 
AB  as  radius,  strike  an  arc.  With  S  as  center  and  SF  as  radius, 
strike  an  arc  cutting  the  first  arc  in  the  points  G  and  H.  Then 
FjG  and  F^H  intersect  the  curve  in  the  points  of  tangency  Tj 
and  Tg.     ST^  and  STg  are  the  tangents. 

If  tangents  are  passed  to  the  hyperbola  through  the  center 
C,  the  points  of  contact  will  be  at  infinity,  and  the  lines  are 
called  asymjytotes. 

The  Helix 

70.  If  a  point  be  moved  uniformly  around  a  straight  line, 
remaining  always  at  the  same  distance  from  it,  and  having  at 
the  same  time  a  uniform  motion  in  the  direction  of  the  line,  it 
will  generate  a  curve  of  double  curvature,  called  a  lielix. 

The  straight  line  is  the  axis  of  the  curve. 

71.  To  construct  the  projections  of  the  helix.  Since  all  the 
points  of  the  curve  are  equally  distant  from  the  axis,  the  pro- 
jection of  the  curve  on  a  plane  perpendicular  to  this  axis  will 
be  the  circumference  of  a  circle. 

Thus,  let  ?n,  Fig.  46,  be  the  horizontal,  and  m'n'  the  vertical 
projection  of  the  axis,  and  P  the  generating  point,  and  suppose 
that  while  the  point  moves  once  around  the  axis,  it  moves 
through  the  vertical  distance  m'n'  (called  the  ^:>zYcA  of  the 
helix) ;  prqs  will  be  the  horizontal  projection  of  the  curve. 

To  determine  the  vertical  projection,  divide  prqs  into  any 
number  of  equal  parts,  as  sixteen,  and  also  the  line  m'n'  into  the 
same  number,  as  in  the  figure.  Through  these  points  of  divi- 
sion draw  lines  parallel  to  the  ground  line.     Since  the  motion 
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of  the  point  is  uniform,  while  it  moves  one  eighth  of  the  way 
round  the  axis  it  a\  ili  ascend  one  eighth  of  the  distance  w'w', 
and  be  horizontally  projected  at  x,  and  vertically  at  x'.     When 

the    point    is    hori- 


'te^ 

n' 

zontally  projected 
at  r,  it  will  be  ver- 

i          ; 

"^^^ 

tically  projected  at 
/  ;  and  in  the  same 

=%^' 

way  the  points  y\ 
q\  etc.,  maybe  deter- 
mined, and  p'r'q'g' 

'''^\                \                                   T\ 

will  be  the  required 

vertical  projection. 

OC^f^^^ 

72.   To  determine 

'^J^^^^'u^'^ 

m' 

the     slope     of     the 

i  1                ;            s         ;          ,         !         (a) 

helix.  It  is  evident 
from  the  nature  of 
the   motion    of    the 

Z 

generating  point, 
that  in  generating 
any  two  equal  por- 
tions of  the  curve, 

^'.     J       .      1/ 

it  ascends  the  same 

K-  i    \J 

vertical      distance; 

Fig. 

r 

46. 

that  is,  any  two 
elementary  arcs  of 
the  curve  will  make 

equal  angles  with  the  horizontal  plane.  Thus,  if  CD  (a),  Fig. 
46,  be  any  element  of  the  curve,  the  angle  which  it  makes  with 
the  horizontal  plane  will  be  DCe,  or  the  angle  at  the  base  of  a 
right-angled  triangle  of  which  Ce  =  cd,  Fig.  46,  is  the  base,  and 
T>e  the  altitude.  But  from  the  nature  of  the  motion,  Ce  is  to 
De  as  any  arc  px  is  to  the  corresponding  ascent  u'x' .     Hence,  if 
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we  rectify  the  arc  xp  (Art.  63),  and  with  this  as  a  base  con- 
struct a  right-angled  triangle,  having  x'u'  for  its  altitude,  the 
angle  at  the  base  will  be  the  angle  which  the  arc,  or  its  tangent 
at  any  point,  makes  with  the  horizontal  plane.     Therefore, 

73.  To  construct  the  projections  of  a  tangent  to  the  helix  at  a 
given  point,  as  X,  we  draw  xz.  Figs.  46  and  46  a,  tangent  to 
the  circle  pxr  at  a:;  it  will  be  the 
horizontal  projection  of  the  required 
tangent.  On  this,  from  a:,  lay  off  the 
rectified  arc  xp  to  z  (Art.  64) ;  z 
will  be  the  point  where  the  tangent 
pierces  H,  and  z'x'  will  be  its  vertical 
projection. 

74.  To  find  the  length  of 
any  given  portion  of  the 
helix.  Since  the  angle 
which  a  tangent  to  the 
helix  makes  with  the  hori- 
zontal plane  is  constant, 
and  since  each  element  of 
the  curve  is  equal  to  the 
hypotenuse  of  a  right- 
angled  triangle  of  which 
the  base  is  its  horizontal 
projection,  the  angle  at  the  base  is  the  constant  angle,  and  the 
altitude  is  the  ascent  of  the  point  wdiile  generating  the  element, 
it  follows  that  when  the  helix  is  rolled  out  on  its  tangent,  the 
sum  of  the  elements,  or  length  of  any  portion  of  the  curve,  will 
be  equal  to  the  hypotenuse  of  a  right-angled  triangle,  of  which 
the  base  is  its  horizontal  projection  rectified,  and  the  altitude  is 
the  ascent  of  the  generating  point  while  generating  the  portion 
considered.  Thus  the  length  of  the  arc  pX,  Figs.  46  and  46  a, 
is  equal  to  the  length  of  the  portion  of  the  tangent  ZX. 


Fig.  46  a.    Development  of  Helix. 


Xbp  =  Xz  ■■ 


yXa-'  +  xs'  =  WXx' 
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Generation  and  Classification  of  Suefaces 

75.  Generation  of  surfaces.  A  surface  may  he  generated  hy  the  con- 
tinued motion  of  a  line.  The  moving  line  is  the  generatrix  of  the  sur- 
face ;  and  the  different  positions  of  the  generatrix  are  the  elements. 

If  the  generatrix  be  taken  in  any  position,  and  then  be  moved 
to  its  next  position  on  the  surface,  these  two  positions  are  con- 
secutive positions  of  the  generatrix,  or  consecutive  eleinents  of  the 
surface,  and  may  practically  be  regarded  as  one  element. 

76.  Two  great  classes  of  surfaces.  The  form  of  the  gen- 
eratrix, and  the  law  which  directs  its  motion,  determine  the 
nature  and  class  of  the  surface. 

Surfaces  may  be  divided  into  two  general  classes. 

First.  Tliose  which  can  he  generated  hy  straight  lines,  or  ivhieh 
have  rectilinear  elements.     These  are  ruled  surfaces. 

Second.  Those  which  can  he  generated  only  hy  curves,  and  which 
can  have  no  rectilinear  elements.   These  are  double-curved  surfaces. 

77.  There  are  three  classes  of  ruled  surfaces  : 

(1)  Planes  :  which  may  be  generated  by  a  straight  line  moving 
so  as  to  touch  another  straight  line,  and  having  all  its  positions 
parallel  to  its  first  position. 

(2)  Single-curved  surfaces,  or  developahle  surfaces :  which 
may  be  generated  by  a  straight  line  moving  so  that  any  tivo  of  its 
consecutive  positions  shall  he  in  the  same  plane. 

(3)  Warped  surfaces :  wliieh  may  be  generated  by  a  straight 
line  moving  so  that  no  two  of  its  consecutive  positions  shall  he  in 
the  same  plane. 

78.  There  are  three  classes  of  single-curved  surfaces: 

(1)  Cylinders:  those  in  which  all  the  positions  of  the  recti- 
linear generatrix  are  parallel. 

(2)  Cones:  those  in  which  all  the  positions  of  the  rectilinear 
generatrix  intersect  in  a  common  point. 

(3)  Convolutes:    those  in  which  the   consecutive   positions 
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of  the  rectilinear  generatrix  intersect  two  and  tivo,  no  three 
positions  intersecting  in  a  common  point. 

Cylindrical  Surfaces,  or  Cylinders 

79.  Cylinders  in  general.  Single-curved  surfaces  of  the  first 
kind  are  cylindrical  surfaces,  or  cylinders.  Every  cjdinder  may 
be  generated  by  moving  a  straight  line  so  as  to  touch  a  curve, 
and  have  all  its  positions  parallel. 

The  moving  line  is  the  rectilinear  generatrix.  The  curve  is 
the  directrix.  The  different  positions  of  the  generatrix  are  the 
rectilinear  elements  of  the  surface. 

Thus,  in  Fig.  47,  if  the  straight  line  MN  be  moved  along  the 
curve  mlo,  having  all  its  positions  parallel  to  its  first  position, 
it  will  generate  a  cylinder. 

If  the  cylinder  be  intersected  by  any  plane  not  parallel  to  the 
rectilinear  elements,  the  curve  of  intersection  may  be  taken  as 
a  directrix,  and  any  rectilinear  element  as  the  generatrix,  and 
the  surface  be  regenerated.  This  curve  of  intersection  may 
also  be  the  base  of  the  cylinder. 

The  intersection  of  the  cylinder  by  one  of  the  planes  of  pro- 
jection, as  the  horizontal,  is  usually  taken  as  the  base.  If  this 
base  have  a  center,  the  straight  line  through  it,  parallel  to  the 
rectilinear  elements,  is  the  axis  of  the  cylinder. 

A  definite  portion  of  the  surface  included  by  two  parallel 
planes  is  sometimes  considered ;  in  which  case  the  lower  curve 
of  intersection  is  the  loiver  base,  and  the  other  the  upper  base. 

Cylinders  are  distinguished  by  the  name  of  their  bases ;  as  a 
cylinder  with  a  circular  base,  a  cylinder  with  an  elliptical  base, 
etc. 

If  the  rectilinear  elements  are  perpendicular  to  the  plane  of  the 
base,  the  cylinder  is  a  right  cylinder,  and  the  base  a  right  section. 

A  cylinder  may  also  be  generated  by  moving  the  curvilinear 
directrix,  as  a  generatrix,  along  any  one  of  the  rectilinear  ele- 


ORTHOGRAPHIC  PROJECTIONS  79 

ments,  as  a  directrix,  the  curve  remaining  always  parallel  to  its 
first  position. 

If  the  curvilinear  directrix  be  changed  to  a  straight  line,  the 
cylinder  becomes  a  plane. 

It  is  manifest  that  if  a  plane  parallel  to  the  rectilinear  ele- 
ments intersects  the  cylinder,  the  lines  of  intersection  will  be 
rectilinear  elements  which  will  intersect  the  base. 

80.  Projecting  cylinders.  It  will  be  seen  that  the  projecting 
lines  of  the  different  points  of  a  curve  (Art.  56)  form  a  right 
cylinder,  the  base  of  which,  in  the  plane  of  projection,  is  the 
projection  of  the  curve. 

These  cylinders  are  respectively  the  horizontal  and  vertical 
projecting  cylinders  of  the  curve,  and  by  their  intersection 
determine  tlie  curve. 

81.  To  construct  the  projections  of  a  cylinder.  A  cylinder  is 
represented  by  projecting  one  or  more  of  the  curves  of  its  sur- 
face and  its  principal  rectilinear  elements. 

When  these  elements  are  not  parallel  to  the  horizontal  plane, 
it  is  usually  represented  thus  :  Draw  the  base  as  mlo.  Fig.  47, 
in  the  horizontal  plane.  Tangent  to  this  draw  straight  lines  Ix 
and  hd  parallel  to  the  horizontal  projection  of  the  generatrix ; 
these  will  be  the  horizontal  projections  of  the  extreme  recti- 
linear elements  as  seen  from  the  point  of  sight,  thus  forming 
the  horizontal  projection  of  the  cylinder.  Draw  tangents  to 
the  base  perpendicular  to  the  ground  line  as  mm',  oo' ;  through 
the  points  m'  and  o'  draw  lines  yn'n'  and  o's'  parallel  to  the  ver- 
tical projection  of  the  generatrix,  thus  forming  the  vertical  pro- 
jection of  the  cylinder,  rti'o'  being  the  vertical  projection  of  the 


82.  To  assume  a  rectilinear  element,  we  have  simply  to  draw 
a  line  parallel  to  the  rectilinear  generatrix  through  an}^  point 
of  the  base,  as  U,  Fig.  47.  Then  uh  and  u'h'  will  be  the  pro- 
jections of  the  element. 
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To  assume  a  point  of  the  surface.  Let  p.  Fig.  47,  be  the 
horizontal  projection  of  the  point.  Through  jo  draw  jo^*  parallel 
to  Ix  ;  it  will  be  the  horizontal  projection  of  two  elements,  one 
of  which  pierces  H  at  5^  and  the  other  at  u ;  and  q'y'  and  u'h' 


Fig.  47. 

will  be  the  vertical  projections  of  these  elements,  one  on  the 
upper  and  one  on  the  lower  side  of  the  cylinder;  and  p'  and  r' 
are  the  vertical  projections  of  the  two  points  of  the  surface 
horizontally  projected  at  jor. 
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Conical  Surfaces,  ok  Cones 

83.  Single-curved  surfaces  of  the  second  kind  are  conical 
surfaces^  or  cones. 

Every  cone  may  be  generated  by  moving  a  straight  line  so 
as  continually  to  touch  a  given  curve  and  pass  through  a  given 
point  not  in  the  plane  of  the  curve. 

The  moving  line  is  the  rectilinear  generatrix ;  the  curve,  the 
directrix;  the  given  point,  the  vertex  of  the  cone ;  and  the 
different  positions  of  the  generatrix,  the  rectilinear  elements. 

The  generatrix  being  indefinite  in  length  will  generate  two 
parts  of  the  surface  on  different  sides  of  the  vertex  which  are 
called  nappes;  one  the  upper.,  the  other  the  lower.,  nappe. 

Thus,  if  the  straight  line  MS,  Fig.  48,  move  along  the  curve 
mlo  and  continually  pass  through  S,  it  will  generate  a  cone. 

If  the  cone  be  intersected  by  any  plane  not  passing  through 
the  vertex,  the  curve  of  intersection  may  be  taken  as  a  directrix 
and  any  rectilinear  element  as  a  generatrix.,  and  the  cone  be 
regenerated.  This  curve  of  intersection  may  also  be  the  hase 
of  the  cone.  The  intersection  of  the  cone  by  the  horizontal 
plane  is  usually  taken  as  the  base. 

If  a  definite  portion  of  either  nappe  of  the  cone  included 
between  two  parallel  planes  is  considered,  it  is  called  o,  frustum 
of  the  cone;  one  of  the  limiting  curves  being  the  lower  and  the 
other  the  iipjjer  hase  of  the  frustum. 

Cones  are  distinguished  by  the  names  of  their  bases ;  as  a 
cone  with  a  circular  base,  a  cone  with  a  parabolic  base,  etc. 

If  the  rectilinear  elements  all  make  the  same  angle  with  a 
straight  line  passing  through  the  vertex,  the  cone  is  a  right  cone, 
the  straight  line  being  its  axis. 

If  the  curvilinear  directrix  of  a  cone  be  changed  to  a  straight 
line,  or  if  the  vertex  be  taken  in  the  plane  of  the  curve,  the 
cone  will  become  a  plane. 
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If  the  vertex  be  removed  to  an  infinite  distance,  the  cone 
will  evidently  become  a  cylinder. 

If  a  cone  be  intersected  by  a  plane  through  the  vertex,  the 
lines  of  intersection  will  be  rectilinear  elements  intersecting 
the  base. 


84.  To  construct  the  projections  of  a  cone.  A  cone  is  repre- 
sented by  projecting  the  vertex,  one  of  the  curves  on  its  surface, 
and  its  principal  rectilinear  elements.  Thus  let  S,  Fig.  48,  be 
the  vertex.  Draw  the  base  mlo  in  the  horizontal  jjlane,  and 
tangents  to  this  base  through  s,  as  si  ami  s^,  thus  forming  the 
horizontal  projection  of  the  cone.  Draw  tangents  to  the  base 
perpendicular  to  the  ground  line,  as  mm'^  oo\  and  through  w! 


and  o'  draw  the  straight  lines  m' 
vertical  projection  of  the  cone. 


and 


thus  forming  the 
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85.  To  assume  a  rectilinear  element,  we  have  simply  to  draw 
through  any  point  Q  of  the  base  a  straight  line  to  the  vertex. 
Thus  qs  and  q' s'  represent  an  element  of  the  cone  through  Q. 


To  assume  a  point  on  the  surface,  we  first  assume  one  of  its 
projections,  as  the  horizontal,  pass  an  element  through  it,  and 
find  the  vertical  projection  of  the  point  on  the  vertical  projec- 
tion of  the  element,  as  in  Art.  82. 

Note.  While  a  cylinder  or  cone  is  usually  represented  with 
the  base  in  one  of  the  planes  of  projection,  it  is  sometimes  more 
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convenient  to  assume  the  base  in  other  positions.  Thus  in  Fig. 
48  a,  the  base  may  be  any  plane  curve  or  space  curve.  An 
element  SQ  or  point  P  of  the  surface  would  be  represented 
as  shown. 

Planes  Tangent  to  Surfaces 

86.  A  plane  is  tangent  to  a  surface  when  it  has  at  least  one 
point  in  common  with  the  surface,  through  which,  if  any  inter- 
secting plane  be  passed,  the  straight  line  cut  from  the  plane 
will  be  tangent  to  the  line  cut  from  the  surface  at  the  point. 
This  point  is  the  point  of  contact. 

It  follows  from  this  definition  that  the  tangent  plane  is  the 
locus  of  or  place  in  which  are  to  be  found,  all  straight  lines 
tangent  to  lines  of  the  surface  at  the  point  of  contact ;  and  since 
any  two  of  these  straight  lines  are  sufficient  to  determine  the 
tangent  plane,  we  have  the  following  general  rule  for  passing  a 
plane  tangent  to  any  surface  at  a  given  point  :  Draw  any  two 
lines  of  the  surface  intersecting  at  the  point.  Tangent  to  each  of 
these,  at  the  same  point,  draw  a  straight  line.  The  plane  of 
these  two  tangents  will  be  the  required  plane. 

87.  A  straight  line  is  normal  to  a  surface  at  a  point,  when 
it  is  perpendicular  to  the  tangent  plane  at  that  point. 

A  plane  is  normal  to  a  surface  when  it  is  perpendicular  to 
the  tangent  plane  at  the  point  of  contact.  Since  any  plane 
passed  through  a  normal  line  will  be  perpendicular  to  the 
tangent  plane,  there  may  be  an  infinite  number  of  normal 
planes  to  a  surface  at  a  point,  while  there  can  be  but  one 
normal  line. 

To  pass  a  line  normal  to  a  surface  at  a  given  point,  we  first 
determine  the  traces  of  the  tangent  plane  at  that  point,  and 
then  pass  a  line  through  the  point  perpendicular  to  the  plane. 

88.  Proposition  XXXI.  The  plane  tangent  at  any  point  of 
a  surface  with  rectilinear  elements  must  contain  the  rectilinear 
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elements  that  pass  through  the  point  of  contact.  For  the 
tangent  to  each  rectilinear  element  is  the  element  itself 
(Art.  60),  and  this  tangent  must  lie  in  the  tangent  plane 
(Art.  86). 

89.  Proposition  XXXII.  A  plane  which  contains  a  recti- 
linear element  of  a  single-curved  surface,  and  its  consecutive  one, 
will  be  tangent  to  the  surface  at  every  point  of  this  element,  or 
all  along  the  element.  For  if  thiough  any  j)oint  of  tiie  element 
any  intersecting  plane  be  passed,  it  Avill  intersect  the  consecu- 
tive element  in  a  point  consecutive  with  the  hrst  point.  The 
straight  line  joining  these  two  points  will  lie  in  the  given  plane 
and  be  tangent  to  the  line  cut  from  the  surface  (Art.  60). 
Hence  the  given  plane  will  be  tangent  at  the  assumed  point. 

This  element  is  the  element  of  contact. 

90.  Proposition  XXXIII.  Conversely,  If  a  plane  be  tangent 
to  a  single-curved  surface,  it  must,  in  general,  contain  two  con- 
secutive rectilinear  elements.  For  if  through  any  point  of  the 
element  contained  in  the  tangent  plane  (Art.  88)  we  pass  an 
intersecting  plane,  it  will  cut  from  the  surface  a  line,  and  from 
the  plane  a  straight  line,  which  will  have  two  consecutive  points 
in  common  (Art.  86).  Through  the  point  consecutive  with  the 
assumed  point  draw  the  element  consecutive  to  the  first  ele- 
ment ;  it  must  lie  in  the  plane  of  the  second  point  and  first 
element  (Art.  75);  that  is,  in  the  tangent  plane. 

91.  It  follows  from  these  principles,  that  if  a  plane  be 
tangent  to  a  single-curved  surface,  and  the  element  of  contact 
be  intersected  by  any  other  plane,  the  straight  line  cut  from 
the  tangent  plane  will  be  tangent  to  the  line  cut  from  the 
surface.  Hence,  if  the  base  of  the  surface  be  in  the  horizontal 
plane,  the  horizontal  trace  of  the  tangent  plane  must  he  tangent  to 
this  base,  at  the  point  in  which  the  element  of  contact  pierces 
the  horizontal  plane ;  and  the  same  principle  is  true  if  the  base 
lie  in  the  vertical  plane. 
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Problems   relating  to   Flaxes   Tangent  to  Cylinders 
AND  Cones 

92.  The  solution  of  the  following  problems  depends  mainly 
upon  the  principles  that  a  plane  tangent  to  a  single-curved 
surface  is  tangent  all  along  a  rectilinear  element  (Art.  89)  ; 
and  that  if  such  surface  and  tangent  plane  be  intersected  by 
any  plane,  the  lines  of  intersection  will  be  tangent  to  each 
other  (Art.  86). 

93.  Problem  22.  To  pass  a  plane  tangent  to  a  cylinder  at  a 
given  point  on  the  surface. 

Let  the  cylinder  be  given  as  in  Art.  81,  Fig.  47,  and  let  P 
be  the  point,  assumed  as  in  Art.  82. 

Analysis.  Since  the  required  plane  must  contain  the  recti- 
linear element  through  the  given  point,  and  its  horizontal  trace 
must  be  tangent  to  the  base  at  the  point  where  this  element 
pierces  the  horizontal  plane  (Art.  91),  we  draw  the  element,  and 
at  the  point  where  it  intersects  the  base,  a  tangent ;  this  will 
be  the  horizontal  trace.  The  vertical  trace  must  contain  the 
point  where  this  element  pierces  the  vertical  plane,  and  also 
the. point  where  the  horizontal  trace  intersects  the  ground  line. 
A  straight  line  joining  these  two  points  will  be  the  vertical 
trace.  When  this  element  does  not  pierce  the  vertical  plane 
within  the  limits  of  the  drawing,  we  draw  through  any  one  of 
its  points  a  line  parallel  to  the  horizontal  trace  ;  it  will  be  a 
line  of  the  required  plane,  and  pierce  the  vertical  plane  in  a 
point  of  the  vertical  trace. 

Construction.  Draw  the  element  PQ ;  it  pierces  H  at  q. 
At  this  point  draw  qT  tangent  to  mlo ;  it  is  the  required  hori- 
zontal trace.  Through  P  draw  PZ  parallel  to  qT  (Art.  27)  ; 
it  pierces  V  at  2',  and  z'T  is  the  vertical  trace. 

mm'n'  is  the  plane  tangent  to  the  surface  along  the  element 
MN. 
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94.  Problem  23.  To  pass  a  plane  through  a  given  point 
without  the  surface  tangent  to  a  cylinder. 

Let  the  cylinder  be  given  as  in  the  preceding  problem. 

Analysis.  Since  the  plane  must  contain  a  rectilinear  ele- 
ment, if  we  draw  a  line  tlirough  the  given  point,  parallel  to 
the  rectilinear  elements  of  the  cylinder,  it  must  lie  in  the 
tangent  plane,  and  the  point  in  which  it  pierces  the  horizontal 
plane  will  be  one  point  of  the  horizontal  trace.  If  through 
this  point  we  draw  a  tangent  to  "the  base,  it  will  be  the  required 
horizontal  trace.  A  line  through  the  point  of  contact,  parallel 
to  the  rectilinear  elements,  will  be  tlie  element  of  contact,  and 
the  vertical  trace  may  be  constructed  as  in  the  preceding 
problem.  Or  a  point  of  this  trace  may  be  obtained  by  finding 
the  point  in  which  the  auxiliary  line  pierces  the  vertical 
plane. 

Two  or  more  tangent  planes  may  be  passed  if  two  or  more 
tangents  can  be  drawn  to  the  base  from  the  point  in  which  the 
auxiliary  line  pierces  the  horizontal  plane. 

Let  the  construction  be  made  in  accordance  with  the  above 
analysis. 

95.  Problem  24.  To  pass  a  plane  tangent  to  a  cylinder  and 
parallel  to  a  given  straight  line. 

Let  the  cylinder  be  given  as  in  Fig.  49,  and  let  RS  be  the 
given  line. 

Analysis.  Since  the  required  plane  must  be  parallel  to  the 
rectilinear  elements  of  the  cylinder  as  well  as  to  the  given  line, 
if  a  plane  be  passed  through  this  line  parallel  to  a  rectilinear 
element,  it  will  be  parallel  to  the  required  plane,  and  its  traces 
parallel  to  the  required  traces  (Prop.  XII,  Art.  14).  Hence 
a  tangent  to  the  base,  parallel  to  the  horizontal  trace  of  this 
auxiliary  plane,  will  be  the  required  horizontal  trace.  The 
element  of  contact  and  vertical  trace  may  be  found  as  in  the 
preceding  problem. 
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Oonstruetion.  Through  RS  pass  the  plane  F,  parallel  to  MN. 
Tangent  to  mlo  and  parallel  to  HF,  draw  HT ;  it  is  the  hori- 
zontal trace  of  the  required  plane,  and  VT,  parallel  to  VF,  is 


the  vertical  trace.  QP  is  the  element  of  contact.  The  point 
z\  determined  as  in  the  preceding  problem,  will  aid  in  verify- 
ing the  accuracy  of  the  drawing. 

When  more  than  one  tangent  can  be  drawn  parallel  to  HF, 
there  will  be  more  than  one  solution  to  the  problem. 
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96.  Problem  25.  To  pass  a  plane  tangent  to  a  right 
cylinder  with  a  circular  base  having  its  axis  parallel  to  the 
ground  line,  at  a  given  point  on  the  surface. 

Let  GK,  Fig.  50,  be  the  axis  of  the  cylinder,  and  ^>'  tlie 
vertical  projection  of  the  point.  To  determine  its  horizontal 
projection,  at  j^'  erect  a  perpendicular  to  V.  Through  this 
pass  the  profile  plane  dTc'  (Art.  19).  It  intersects  the 
cylinder  in  the  circumference  of  a  circle,  of  which  M  is  the 
center.  This  cir- 
cumference will  in-  ' 
tersect  the  perpen- 
dicular in  two 
points  of  the  sur- 
face. Revolve  this 
plane  about  Tc' 
until  it  coincides 
with  V  (Arts.  19- 
22).  M  falls  at  m". 
With  m"  as  a  cen- 
ter, draw  the  re- 
volved position  of 
the  circle  cut  from 
the  cylinder ;  jOj" 
and  p^'  will  be  the 
revolved  positions 
of  the  two  points, 
and  p-^  and  p^  their 
horizontal  projec- 
tions. Let  the  plane 
be  passed  tangent  to 
the  cylinder  at  1^2- 

Analysis.  Since  the  plane  must  contain  a  rectilinear  ele- 
ment, it  will  be  parallel  to  the    ground  line,  and   its   traces, 


P'  - 
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Fig.  50. 
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therefore,  parallel  to  the  ground  line  (Prop.  VIII,  Art.  14). 
If  through  the  given  point  a  plane  be  passed  perpendicular  to 
the  axis,  and  a  tangent  be  drawn  to  its  intersection  with  the 
cylinder  at  the  point,  it  will  be  a  line  of  the  required  plane. 
If  through  the  points  in  which  this  line  pierces  the  planes  of 
projection  lines  be  drawn  parallel  to  the  ground  line,  they  will 
be  the  required  traces. 

Construction.  Through  P  pass  the  plane  T,  and  revolve  it  as 
above.  At  p^'  draw  p^'c'  tangent  to  the  circle  ;  it  is  the  re- 
volved position  of  the  tangent.  When  the  plane  is  revolved  to 
its  primitive  position,  this  tangent  pierces  V  at  e'  and  H  at  c?,  Tdf 
being  equal  to  Td"  ;  and  HR  and  VR  are  the  required  traces. 

97.  PiioBLEM  20.  To  pass  a  plane  tangent  to  a  right  cylinder 
with  a  circular  base  having  its  axis  parallel  ta  the  ground  line, 
through  a  given  point  without  the  surface. 

Let  the  cylinder  be  given  as  in  Fig.  50,  and  let  N  be  the 
given  point. 

Analysis.  Since  the  required  plane  must  contain  a  recti- 
linear element,  it  must  be  parallel  to  the  ground  line.  If 
through  the  given  point  a  plane  be  passed  perpendicular  to 
the  axis,  it  will  cut  from  the  cylinder  a  circumference  equal  to 
the  base ;  and  if  through  the  point  a  tangent  be  drawn  to  this 
circumference,  it  will  be  a  line  of  the  required  plane,  and  the 
traces  may  be  determined  as  in  the  preceding  problem. 

Since  two  tangents  can  be  drawn,  there  may  be  two  tangent 
planes. 

Let  the  construction  be  made  in  accordance  with  the  analysis. 

98.  Pkdiilkm  27.  To  pass  a  plane  parallel  to  a  given  straight 
line,  and  tangent  to  a  right  cylinder  with  a  circular  base  having 
its  axis  parallel  to  the  ground  line. 

Let  the  cylinder  be  given  as  in  P'ig.  51,  and  let  MX  be  the 
given  line. 

Analysis.     Since  the  plane  must  be  parallel  to  the  axis,  if 
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through  the  given  line  we  pass  a  plane  parallel  to  the  axis,  it 
will  be  parallel  to  the  required  plane  and  to  the  ground  line. 

A  plane  perpendicular  to  the  ground  line  will  cut  from  the 
cylinder  a  circumference ;  from  the  required  tangent  plane  a 
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VR 


Fig,  r.l. 

tangent  to  this  circumference  (Art.  86),  and  from  the  parallel 
plane  a  straight  line  parallel  to  the  tangent.  If,  then,  we  con- 
struct the  circumference,  and  draw  to  it  a  tangent  parallel  to 
the  intersection  of  the  parallel  plane,  this  tangent  will  be  a  line 
of  the  required  plane,  from  which  the  traces  may  be  found  as 
in  the  preceding  problems. 
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Construction.  Through  m'  and  n  draw  the  lines  m'p'  and  nq^ 
parallel  to  the  ground  line.  They  will  be  the  traces  of  the  par- 
allel plane  (Art.  33).  Let  dTc'  be  the  plane  perpendicular  to 
the  ground  line.  It  cuts  from  the  cylinder  a  circle  whose  center 
is  O,  and  from  the  parallel  plane  a  straight  line  which  pierces 
H  at  5^  and  V  bX  p'  (Art.  40).  Revolve  this  plane  about  Tc' 
until  it  coincides  with  V ;  x"y"z"  will  be  the  revolved  position 
of  the  circle,  and  ^''-p'  that  of  the  line  cut  from  the  parallel 
plane ;  c'd"  tangent  to  x"y"z'\  and  parallel  to  s"p\  will  be  the 
revolved  position  of  a  line  of  the  required  plane,  which,  in  its 
true  position,  pierces  H  at  d^  and  V  at  c',  and  HR  and  VR  are 
the  traces  of  the  required  plane. 

Since  another  parallel  tangent  can  be  drawn,  there  will  be 
two  solutions. 

99.  Problem  28.  To  pass  a  plane  tangent  to  a  cone, 
through  a  given  point  on  the  surface. 

Let  the  cone  be  given  as  in  Fig.  48,  and  let  P,  assumed  as 
in  Art.  85,  be  the  given  point. 

Analysis.  The  requit-ed  plane  musj:  contain  the  rectilinear 
element,  passing  through  the  given  point  (Art.  88).  If,  then, 
we  draw  this  element  (Art.  85),  and  at  the  point  where  it  pierces 
the  horizontal  plane  draw  a  tangent  to  the  base,  it  will  be  the 
horizontal  trace  of  the  required  plane,  and  points  of  the  vertical 
trace  may  be  found  as  in  the  similar  case  for  the  cylinder. 

Let  the  construction  be  made  in  accordance  with  the 
analysis. 

If  the  base  of  the  cone  lies  in  an  oblique  plane,  as  in  Fig. 
48  a,  the  tangent  QV  will,  of  course,  not  be  the  horizontal 
trace.  In  this  case  the  tangent  plane  is  determined  by  QV 
and  the  element  QS. 

100.  Problem  29.  Through  a  point  without  the  surface  of 
a  cone  to  pass  a  plane  tangent  to  the  cone. 

Let  the  cone  be  given  as  in  Fig.  52,  and  let  P  be  the  given  point. 
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Ayialysis.  Since  the  required  plane  must  contain  a  rec- 
tilinear element,  it  will  pass  through  the  vertex  ;  hence,  if 
we  join  the  given  point  with  the  vertex  by  a  straiglit  line, 
it  will  be  a  line  of  the  required  plane,  and  pierce  the  hori- 
zontal plane  in  a  point  of  the  required  horizontal  trace,  which 
may  then  be  drawn 
tangent  to  the  base. 
If  the  point  of  con- 
tact with  the  base  be 
joined  to  the  vertex 
by  a  straight  line,  it 
will  be  the  element 
of  contact.  The  ver- 
tical trace  may  be 
found  as  in  the  pre- 
ceding problems. 

If  more  than  one 
tangent  can  be  drawn 
to  the  base,  there  will 
be  more  than  one 
solution. 

Construction,  Join 
P  with  S  by  the  line 
PS ;  it  pierces  H  at 
u.  Draw  uq  tangent 
to  mlo ;  it  is  the  re- 
quired horizontal  trace.  SQ  is  the  element  of  contact  which 
pierces  V  in  a  point  of  the  vertical  trace.  SZ,  parallel  to  HT, 
pierces  V  at  z\  and  z'T  is  the  vertical  trace. 

ux  will  be  the  horizontal  trace  of  a  second  tangent  plane 
through  P. 

101.   Probleini  30.     To  pass  a  plane  tangent  to  a  cone  and 
parallel  to  a  given  straight  line. 
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Let  the  cone  be  given  as  in  Fig.  52,  and  let  N.R  be  the 
given  straight  line. 

Analysis.  If  through  the  vertex  we  draw  a  line  parallel 
to  the  given  line,  it  must  lie  in  the  required  plane,  and 
pierce  the  horizontal  plane  in  a  point  of  the  horizontal  trace. 
Through  this  point  draw  a  tangent  to  the  base ;  it  will  be 
the  required  horizontal  trace,  and  the  element  of  contact  and 
the  vertical  trace  may  be  found  as  in  the  preceding  problem. 

When  more  than  one  tangent  can  be  drawn  to  the  base, 
there  will  be  more  than  one  solution. 

If  the  parallel  line  through  the  vertex  pierces  the  horizontal 
plane  within  the  base,  no  tangent  can  be  drawn,  and  the 
problem  is  impossible. 

Let  the  construction  be  made  in  accordance  with  the 
analysis. 

Ex.  97.  Given  a  right  circular  cone  with  its  axis  parallel 
to  the  ground  line ;  pass  a  plane  tangent  to  the  cone  at  a  point 
on  the  surface. 

Ex.  98.  Pass  a  plane  tangent  to  the  above  cone  through  a 
point  outside  the  surface. 

Ex.  99.  Pass  a  plane  tangent  to  the  cone  of  Ex.  97  and 
parallel  to  a  given  straight  line. 

Ex.  100.  Given  a  plane  T,  and  a  point  P  lying  in  that 
plane.  Construct  the  projection  of  a  line  PX,  passing  through 
P,  making  an  angle  of  30°  with  H  and  lying  in  the  plane  T. 

Ex.  101.  Given  an  oblique  plane  and  an  oblique  line,  to 
pass  another  plane  through  the  line  making  an  angle  of  45° 
with  the  given  plane.     Analyze  and  construct. 

Points  in  which  Surfaces  are  Pierced  by  Lines 

102.  The  points  in  which  a  straight  line  pierces  a  surface  are 
easily  found  by  passing  through  the  line  any  plane  intersecting 
the  surface.    It  will  cut  from  the  surface  a  line  which  will  inter- 


ORTHOGRAPHIC   PROJECTIONS 


95 


sect  the  given  line  in  the  required  points.  This  auxiliary  plane 
should  be  so  chosen  as  to  intersect  the  surface  in  the  simplest 
line  possible. 

If  the  given  surface  be  a  cylinder,  a  plane  through  the 
straight  line  parallel  to  the  rectilinear  elements  should  be 
used.  It  will  inter- 
sect the  cylinder  in 
one  or  more  rectilin- 
ear elements,  which 
will  intersect  the 
given  line  in  the 
required  points. 

If  the  given  surface 
be  a  cone,  the  auxil- 
iary plane  should  pass 
through  the  vertex. 

If  the  given  surface 
be  a  sphere,  the  aux- 
iliary plane  should 
pass  through  the  cen- 
ter, and  the  line  of 
intersection  will  be  a 
great  circle  of  the 
sphere. 

103.  The  points  in 
which  a  curved  line 
pierces  a  surface  may 
be  found  by  using 
the  horizontal  or  vertical  projecting  cylinder  (Art.  80)  of 
the  line.  This  will  cut  from  the  given  surface  a  curved  line 
which  will  contain  the  required  piercing  point.  Thus,  let  it 
be  required  to  find  the  points  in  which  the  line  MN,  Fig.  53, 
pierces  the  surface  of  the  cylinder.     The  horizontal  projecting 
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cylinder  of  MN  cuts  the  given  cylinder  in  a  curve  horizontally 
projected  in  ahc^  and  vertically  projected  in  a'h'c' .  The  line 
MN  cuts  this  curve  in  the  points  X  and  Z,  which  are  the 
required  piercing  points. 

Ex.  102.  Find  the  point  in  which  a  curved  line  pierces  an 
oblique  plane. 

Ex.  103.  Find  the  points  in  which  a  curved  line  pierces  a 
cone. 

Intersection  of  Cylinders  and  Cones.     Developments 

104.  The  solution  of  the  problem  of  the  intersection  of  sur- 
faces consists  in  finding  two  lines,  one  on  each  surface,  which 
intersect.  The  point  of  intersection  will  lie  in  both  surfaces, 
and  will  therefore  be  a  point  of  their  line  of  intersection.  A 
series  of  such  points  will  determine  the  curve. 

105.  To  find  the  intersection  of  a  plane  with  a  surface,  \^•e 
intersect  the  plane  and  surface  by  a  system  of  auxiliary  planes. 
Each  plane  will  cut  from  the  given  plane  a  straight  line,  and 
from  the  surface  a  line,  the  intersection  of  ivhich  ivill  he  points  of 
the  required  line.  The  system  of  auxiliary  planes  should  be  so 
chosen  as  to  cut  from  the  surface  the  simplest  lines  ;  a  recti- 
lineal' element  if  possible,  or  the  circumference  of  a  circle,  etc. 

To  draw  a  tangent  to  the  curve  of  intersection  at  a  given  point. 

This  tangent  must  lie  in  the  intersecting  plane,  that  is,  in  the 
plane  of  the  curve  (Art.  60).  It  must  also  lie  in  the  plane 
tangent  to  the  surface  at  the  given  point  (Art.  86).  Hence,  if 
we  pass  a  plane  taufjent  to  the  given  surface  at  the  given  point  and 
determine  its  intersection  ivith  the  intersecting  plane,  this  will  be 
the  required  tangent. 

106.  Pi:oi;lem  31.  To  find  the  intersection  of  a  right  cylinder 
with  a  circular  base  by  a  plane. 

Let  mlo.  Fig.  54,  be  the  base  of  the  cylinder,  and  e  the  hori- 
zontal, and  c'd'  the  vertical  projection  of  the  axis  ;    then  mlo 
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will  be  the  horizontal,  and  s'a'n'u'  the  vertical  projection  of  the 
cylinder  (Art.  81).     Let  T  be  the  intersecting  plane. 

Analysis.  Intersect  the  c^dinder  and  plane  by  a  system  of 
auxiliary  planes  parallel  to  the  axis  and  also  to  the  horizontal 
trace  of  the  given  plane.  These  will  cut  from  the  cylinder 
rectilinear  elements,  and  from  the  plane  straight  lines  parallel 
to  the  horizontal  trace.  The  intersection  of  these  lines  will  be 
points  of  the  required  curve  (Art.  105). 

This  curve,  as  also  the  intersection  of  any  cylinder  or  cone 
with  a  circular  or  an  elliptical  base,  by  a  plane  cutting  all  the 
rectilinear  elements,  is  an  ellipse. 

Construction.  Draw  xy  parallel  to  HT  ;  it  will  be  the  hori- 
zontal trace  of  one  of  the  auxiliary  planes ;  yy'  is  its  vertical 
trace.  It  intersects  the  cylinder  in  two  elements,  one  of  which 
pierces  H  at  x  and  the  other  at  z,  and  f'x'  and  h'z'  are  their 
vertical  projections.  It  intersects  the  plane  in  the  straight  line 
XY  (Art.  40),  and  X  and  Z,  the  intersections  of  this  line  with 
the  two  elements,  are  points  of  the  curve.  In  the  same  way 
any  number  of  points  may  be  found. 

If  a  point  of  the  curve  on  any  particular  element  be  required, 
we  have  simpl}'  to  pass  an  auxiliary  plane  through  this  element. 
Thus,  to  construct  the  point  on  (o,  w'w'),  draw  the  trace  ow,  and 
construct  as  above  the  point  O. 

Since  this  point  lies  on  the  curve,  and  also  on  the  extreme  ele- 
ment, and  since  no  point  of  the  curve  can  be  vertically  projected 
outside  of  n'u\  the  vertical  projection  of  the  curve  must  be  tangent 
to  n'u'  at  o'.  Or,  the  reason  may  be  given  thus,  in  many  like  cases : 
If  a  tangent  be  drawn  to  the  curve  at  O,  it  will  lie  in  the  plane 
tangent  to  the  surface  at  O  (Art.  86) ;  and  since  this  tangent  plane 
is  perpendicular  to  the  vertical  plane,  the  tangent  will  be  verti- 
cally projected  into  its  trace  n'u'.,  which  must  therefore  be  tangent 
to  m'o'V  at  o'  (Art.  61).    Also  a's'  must  be  tangent  to  m'o'V  at  m'. 

If  a  plane  be  passed  through  the  axis  perpendicular  to  the 
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intersecting  plane,  it  will  evidently  cut  from  the  plane  a  straight 
line  which  will  bisect  all  the  chords  of  the  curve  perpendicular 
to  it,  and  this  line  will  be  the  transverse  axis  of  the  ellipse ;  Ic 
is  the  horizontal  trace  of  such  a  plane,  and  gg'  the  vertical.  It 
cuts  the  given  plane  in  KG  (Art.  40),  and  the  cylinder  in  two 
elements  horizontally  projected  at  k  and  Z,  and  KL  is  the  trans- 
verse axis,  and  K  and  L  are  the  vertices  of  the  ellipse.  K  is 
the  lowest,  and  L  the  highest,  point  of  the  curve. 

Since  the  curve  lies  on  the  surface  of  the  cylinder,  its  hori- 
zontal projection  will  be  in  the  base  mlo. 

To  draw  a  tangent  to  the  curve  at  any  point,  as  X ;  draw  xr 
tangent  to  xol  at  a;;  it  is  the  horizontal  trace  of  a  plane  tangent 
to  the  cylinder  at  X  (Art.  93).  This  plane  intersects  the  plane 
T  in  a  straight  line,  which" pierces  H  at  r ;  and  since  X  is  also 
a  point  of  the  intersection,  RX  will  be  the  required  tangent 
(Art.  105).  If  a  tangent  be  drawn  at  eacH  of  the  points  deter- 
mined as  above,  the  projections  of  the  curve  can  be  drawn,  with 
great  accuracy,  tangent  to  the  projections  of  these  tangents,  at 
the  projections  of  the  points  of  tangency. 

The  part  of  the  curve  MXO,  between  the  points  M  and  O, 
lies  in  front  of  the  extreme  elements  (m,  a's')  and  (o,  n'u'')  and 
is  seen,  and  therefore  m'x'o'  is  drawn  full,  and  m'Vo'  broken. 

To  represent  the  curve  in  its  true  dimensions,  let  its  plane  be 
revolved  about  HT  until  it  coincides  with  H.  The  revolved 
position  of  each  point,  as  X,  at  x-^^  will  be  determined  as  in 
Art.  34 ;  Tc-^  and  l^  will  be  the  revolved  position  of  the  vertices, 
rx-^  will  be  the  revolved  position  of  the  tangent,  and  l^x-Jc^  the 
ellipse  in  its  true  size. 

107.  Development.  Since  the  plane  tangent  to  a  single- 
curved  surface  in  general  contains  two  consecutive  rectilinear 
elements  (Art.  90),  it  will  contain  the  elementary  portion  of 
the  surface  generated  by  the  generatrix  in  moving  from  the 
first  element  to  the  second.     Now  if  the  surface  be  rolled  over 


ORTHOGRAPHIC   PROJECTIONS 


99 


until  the  consecutive  element  following  the  second  comes  into 
the  tangent  plane,  the  portion  of  the  plane  limited  by  the  first 
and  third  elements  will  equal  the  portion  of  the  surface  limited 
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Fig.  54. 


by  the  same  elements.  If  we  continue  to  roll  the  surface  on 
the  tangent  plane  until  any  following  element  comes  into  it, 
the  portion  of  the  plane  included  between  this  element  and  the 
first  will  be  equal  to  the  portion  of  the  surface  limited  by  the 
same  elements.     Therefore,  if  a  single-curved  surface  be  ro'lled 
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over  on  any  one  of  its  tangent  planes  until  each  of  its  recti- 
linear elements  has  come  into  this  plane,  the  portion  of  the  plane 
thus  touched  hy  the  surface,  and  limited  hy  the  extreme  elements, 
will  be  a  plane  surface  equal  to  the  given  surface,  and  is  the 
development  of  the  surface. 

As  a  plane  tangent  to  a  warped  surface  cannot  contain  two 
consecutive  rectilinear  elements  (Art.  140),  the  elementary 
surface  limited  by  these  two  elements  cannot  be  brought  into 
a  plane  without  breaking  the  continuity  of  the  surface.  A 
warped  surface,  therefore,  cannot  be  developed. 

Neither  can  a  double-curved  surface  be  developed,  as  any  ele- 
mentary portion  of  the  surface  will  be  limited  by  two  curves, 
and  cannot  be  brought  into  a  plane  without  breaking  the  con- 
tinuity of  the  surface. 

108.  In  order  to  determine  the  position  of  the  different  rec- 
tilinear elements  of  a  single-curved  surface,  as  they  come  into 
the  tangent  plane,  or  plane  of  development,  it  will  always  be 
necessary  to  find  some  curve  upon  the  surface  which  will 
develop  into  a  straight  line,  or  circle,  or  some  simple  known 
curve,  upon  which  the  rectified  distances  between  these  ele- 
ments can  be  laid  off. 

109.  Problem  32.  To  develop  a  right  cylinder  with  a  circu- 
lar base,  and  trace  upon  the  development  the  curve  of  intersection 
of  the  cylinder  by  an  oblique  plane. 

Let  the  cylinder  and  curve  be  given  as  in  the  preceding  prob- 
lem, and  let  the  plane  of  development  be  the  tangent  plane 
atK. 

Analysis.  Since  the  plane  of  the  base  is  perpendicular  to  the 
element  of  contact  of  the  tangent  plane,  it  is  evident  that  as 
the  cylinder  is  rolled  out  on  this  plane,  this  base  will  develop 
into  a  straight  line  on  which  we  can  lay  off  the  rectified  dis- 
tances between  the  several  elements  and  then  draw  them  each 
parallel  to  the  element  of  contact. 
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Points  of  the  development  of  the  curve  are  found  by  hiving 
off  on  the  development  of  each  element,  from  the  point  where 
it  meets  the  rectified  base,  a  distance  equal  to  the  distance  of 
the  point  from  the  base. 

Construction.  The  plane  of  development  being  coincident 
with  the  plane  of  the  paper,  let  ^K,  Fig.  54  «,  be  the  element  of 
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contact.  Draw  Jck  perpendicular  to  ^Iv,  and  lay  off  kl"  equal  to 
the  rectified  circumference  JcxwJc,  Fig.  54.  It  will  be  the  devel- 
opment of  the  base.  Lay  off  Jcp  equal  to  the  arc  kp,  and  draw 
pF  parallel  to  kK.  It  is  the 
development  of  the  element 
which  pierces  H  at  p.  Likewise 
for  each  of  the  elements  lay  off 
px,  xo,  etc.,  equal  respectively 
to  the  rectified  arcs  jt?a;,  xo,  etc., 
in  Fig.  54,  and  draw  a;X,  oO, 
etc.  The  portion  of  the  plane 
included  between  kK  and  kK 
will  be  tjie  development  of  the 
cylinder. 

On  ^K  lay  off  kK  equal  to 
v'k',  and  K  will  be  one  point  of  the  developed  curve ;  on  pP 
lay  off  pF  equal  to  q'p',  and  P  will  be  a  second  point ;  and 
thus  each  point  may  be  determined,  and  K  -  -  L  -  -  K  will  be 
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the  developed  curve.  The  line  ra,  the  sub-tangent,  will  take  the 
position  rx  on  the  developed  base,  and  X?-  will  be  the  tangent 
at  X  in  the  plane  of  development.  This  must  be  tangent  at  X, 
since  the  tangent  after  development  must  contain  the  same  two 
consecutive  points  which  it  contains  in  space,  and  therefore  be 
tangent  to  the  development  of  the  curve  (Art.  60). 

110.  Pkoble^i  33.  To  find  the  intersection  of  an  oblique 
cylinder  by  a  plane. 

Let  the  cylinder  be  given  as  in  Fig.  56,  and  let  T  be  the 
intersecting  plane. 

Analysis.  Intersect  the  cylinder  and  plane  by  a  system  of 
auxiliary  jDlanes  parallel  to  the  rectilinear  elements  and  per- 
pendicular to  the  horizontal  plane.  These  planes  will  each 
intersect  the  cylinder  in  two  rectilinear  elements,  and  the 
plane  in  a  straight  line,  the  intersection  of  which  will  be  points 
of  the  curve. 

Construction.  Let  eg-,  parallel  to  li^  be  the  horizontal  trace 
of  an  auxiliary  plane:  qcj  will, be  its  vertical  trace.  It  inter- 
sects the  cylinder  in  two  elements,  one  of  which  pierces  H  at 
r,  the  other  at  8,  and  these  are  vertically  projected  in  r'g'  and 
s'A',  and  horizontally  in  eq.  It  intersects  the  plane  T  in  a 
straight  line,  which  pierces  H  at  e,  and  is  vertically  projected 
in  e'q'.,  and  horizontally  in  eq.  These  lines  intersect  in  Z  and 
Y  (Prop.  XXVIII,  Art.  16),  points  of  the  curve.  In  the  same 
way  any  number  of  points  may  be  determined. 

The  auxiliary  planes,  being  parallel,  must  intersect  T  in 
parallel  lines,  the  vertical  projections  of  which  will  be  parallel 
to  e'q'.  » 

By  the  plane  whose  horizontal  trace  is  ww,  the  points  LT 
and  X  are  determined.  The  vertical  projection  of  the  curve 
must  be  tangent  to  m'n'  at  u'.  The  points  in  which  the 
horizontal  projection  is  tangent  to  li  and  kf  are  determined 
by  using  these  lines  as  the  traces  of  auxiliary  planes. 
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To  draw  a  tangent  to  the  curve  at  any  point,  as  X,  pass  a  plane 
tangent  to  the  cylinder  at  X ;  av  is  its  horizontal  trace,  and  vx 
the  horizontal,  and  v'x'  the  vertical  projection  of  the  tangent. 
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A  sufficient  number  of  points  and  tangents  being  thus 
determined,  tlie  projections  of  the  curve  can  be  drawn  with 
accuracy.  The  part  eyd  is  full,  being  the  horizontal  projec- 
tion of  that  part  of  the  curve  which  lies  above  the  extreme 
elements  LI  and  KF.     For  a  similar  reason,  u'x'iv'  is  full. 

To  show  the  curve  in  its  true  dimensions,  revolve  the  plane 
about  HT  until  it  coincides  with  11.  The  revolved  position 
of  each  point  may  be  found  as  in  Art.  34,  and  c^y^d-^z^ 
will  be  the  curve  in  its  true  size. 

The  section  in  this  case  is  a  right  section^  since  the  cutting 
plane  was  assumed  perpendicular  to  the  elements. 


111.  If  it  be  required  to  develop  the  cylinder  on  a  tangent 
plane  along  any  element,  as  KDF,  we  first  make  a  right  sec- 
tion as  above.  We  know  this  will  develop  into  a  straight 
line  perpendicular  to  KDF.  On  this  we  lay  off  the  rectified 
arcs  of  the  section  included  between  the  several  elements, 
and  then  draw  these  elements  parallel  to  KD. 

The  developed  base,  or  any  curve  on  the  surface,  inay  be 
traced  on  the  plane  of  development.  Fig.  56  a,  by  laying  off 
on  each  element,  from  the  developed  position  of  the  point 
where  it  intersects  the  right  section,  the  distance  from  this 
point  to  the  point  where  the  element  intersects  the  base  or 
curve.  A  line  through  the  extremities  of  these  distances  will 
be  the  required  development. 
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Ex.  104.  Pass  a  plane  perpendicular  to  the  elements  of  an 
oblique  cylinder ;  find  the  curve  of  right  section,  and  then 
develop  that  portion  of  the  cylindrical  surface  lying  between 
the  plane  of  right  section  and  the  base. 

112.  Problem  34.  To  find  the  intersection  of  a  right  cone 
with  a  circular  base,  by  a  plane. 

Let  the  cone  be  given  as  in  Fig.  57,  and  let  T  be  the  given 
plane,  the  vertical  plane  being  assumed  perpendicular  to  it. 

Analysis.  Intersect 
the  cone  by  a  system 
of  planes  through  the 
vertex  and  perpendic- 
ular to  the  vertical 
plane.  The  element 
cut  from  the  cone  by 
each  plane  (Art.  105) 
will  intersect  the 
straight  line  cut  from 
the  given  plane  in 
points  of  the  required 
curve. 

Construction.  Let  Ik 
be  the  horizontal  trace 
of  an  auxiliary  plane ; 
ks'  will  be  its  vertical 
trace.  It  intersects  the 
cone  in  two  elements, 
one  of  which  pierces 
H  in  ?,  and  the  other  in  ^,  horizontally  projected  in  Is  and  is 
respectively.  It  intersects  the  given  plane  in  a  straight  line 
perpendicular  to  V,  vertically  projected  at  p' ,  and  hori- 
zontally in  XV',  hence  x  and  v  are  the  horizontal  projections 
of  two  points  of  the  curve,  both  vertically  projected  at  p' . 


Fig.  57. 
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In  the  same  way  any  number  of  points  can  be  found,  as  y^-', 
wq\  etc. 

The  jDlane  whose  horizontal  tr^ice  is  mo,  perpendicular  to  T, 
intersects  it  in  a  straight  line  vertically  projected  in  VT,  which 
evidently  bisects  all  chords  of  the  curve  perpendicular  to  it,  and 
is  therefore  an  axis  of  the  curve.  This  plane  cuts  from  the 
cone  the  elements  SM  and  SO,  which  are  intersected  by  the 
axis  in  the  points  Z  and  U,  which  are  the  vertices. 

To  draw  a  tangent  to  the  curve  at  any  point,  as  X,  pass 
a  plane  tangent  to  the  cone  at  X  ;  Ir  is  its  horizontal  trace. 
It  intersects  T  in  (j-x,  r'p'^^  which  is  therefore  the  required 
tangent  (Art.  105).  The  horizontal  projection,  uxzv,  can 
now  be  drawn,     u'z'  is  its  vertical  projection. 

To  represent  the  curve  in  its  true  dimensions,  we  may  revolve 
it  about  HT  until  it  coincides  with  H,  or  about  VT  until  it 
coincides  with  V,  and  determine  it  as  in  Art.  34.  Otherwise, 
thus :  Revolve  it  about  UZ  until  its  plane  becomes  parallel 
to  V;  it  will  then  be  vertically  projected  in  its  true  dimen- 
sions (Art.  58).  The  points  U  and  Z  being  in  the  axis,  will 
be  projected  at  u!  and  z'  respectively.  X  will  be  vertically 
projected  at  x\,  p'x\  being  equal  to  px;  Y  at  i/\,  q'y'i  being 
equal  to  qy;  W  at  w'j,  etc.;  and  u'v\z'x\  will  be  the  cuiwe 
in  its  true  size. 

113.  If  a  right  cone  with  a  circular  base  be  intersected 
by  a  plane,  as  in  Fig.  57,  making  a  less  angle  with  the  plane 
of  the  base  than  the  elements  do,  the  curve  of  intersection 
is  an  ellipse.  If  it  make  the  same  angle,  or  is  parallel  to  one 
of  the  elements,  the  curve  is  a  parabola.  If  it  make  a  greater 
angle,  the  curve  is  a  hyperhola.  Hence  these  three  curves  are 
known  by  the  general  name  conic  sections. 

114.  Peoblem  35.  To  develop  a  right  cone  with  a  circular 
base. 

Let  the  cone  and  its  intersection  by  an   oblique  plane  be 
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given  as  in  the  preceding  problem,  Fig.  57,  and  let  the  plane 
of  development  be  the  plane  tangent  along  the  element  MS ; 
the  half  of  the  cone  in  front  being  rolled  to  the  left,  and  the 
other  half  to  the  right. 

Analysis.  Since  the  base  of  the  cone  is  everywhere  equally 
distant  from  the  vertex,  as  the  cone  is  rolled  out,  each  point 
of  this  base  will  be  in  the  circumference  of  a  circle  described 
with  the  vertex  as  a  center,  and  a  radius  equal  to  the  distance 


from  the  vertex  to  any  point  of  the  base.  By  laying  off  on 
this  circumference  the  rectified  arc  of  the  base,  contained  be- 
tween any  two  elements,  and  drawing  straight  lines  from  the 
extremities  to  the  vertex,  we  have,  in  the  plane  of  development, 
the  position  of  these  elements.  Laying  off  on  the  proper  ele- 
ments the  distances  from  the  vertex  to  the  different  points  of  the 
curve  of  intersection,  and  tracing  a  curve  through  the  extremi- 
ties, we  have  the  development  of  the  curve  of  intersection. 

Constructio7i.  With  SM  equal  to  s'm',  Figs.  57  and  57  a,  de- 
scribe the  arc  OMO.  It  is  the  development  of  the  base.  Lay 
off  MG  equal  to  mg,  and  draw  SG ;  it  is  the  developed  position 
of  the  element  SG.  In  the  same  way  lay  off  GL  equal  to  gl, 
LO  equal  to  lo,  and  draw  SL  and  SO.     OSM  is  the  develop- 
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ment  of  one  half  the  cone.  In  like  manner  the  other  half  may 
be  developed. 

On  SM  lay  o&  SZ  equal  to  s'z'.  Z  will  be  the  position  of  the 
point  in  the  plane  of  development.  To  obtain  the  true  distance 
from  S  to  Y,  revolve  SY  about  the  axis  of  the  cone  until  it  be- 
comes parallel  to  V,  as  in  Art.  26 ;  s'e'  will  be  its  true  length. 
On  SG  lay  off  SY  equal  to  s'e' ;  on  SL,  SX  equal  to  s'd'  ;  on 
SO,  SU  equal  to  s'u'.  Z,  Y,  X,  and  U  will  be  the  positions  of 
these  points  on  the  plane  of  development,  and  UX  -  -  U  will  be 
the  development  of  the  curve  of  intersection. 

Through  L  draw  LR  perpendicular  to  LS,  and  make  it  equal 
to  Ir.     RX  will  be  the  developed  tangent. 

Note.  The  work  of  rectifying  the  circumference  of  the 
base  can  be  more  accurately  done  by  calculating  the  angle 
OSO  from  the  relation, 

Angle  OSO  =     '^^'^  ^      degrees, 
VA2  +  R2 

where  R  is  the  radius  of  the  base  of  the  cone,  and  h  is  the 
altitude.  Furthermore,  if  in  Fig.  57  the  base  had  been  divided 
into  equal  parts  before  passing  the  auxiliary  planes,  the  arcs 
mg,  gl,  etc.,  would  all  be  equal,  and  their  lengths  would  be 
laid  off  in  Fig.  57  a  by  simply  dividing  OMO  into  the  same 
number  of  equal  parts. 

115.  Problem  36.  To  find  the  intersection  of  any  cone  by  a 
plane. 

Let  the  cone  and  plane  T  be  given  as  in  Fig.  58. 

Analysis.  Intersect  the  cone  by  a  system  of  planes  through 
the  vertex  and  perpendicular  to  the  plane  of  the  base.  Each 
of  these  planes  will  intersect  the  cone  in  one  or  more  recti- 
linear elements,  and  the  given  plane  in  a  straight  line,  the 
intersection  of  which  will  be  points  of  the  curve.  Since  these 
auxiliary  planes  are  perpendicular  to  the  plane  of  the  base 
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they  will  intersect  in  a  straight  line  through  the  vertex  per- 
pendicular to  the  plane  of  the  base,  and  the  point  in  which 
this  line  pierces  the  cutting  plane  will  be  a  point  common  to 
all  the  straight  lines  cut  from  this  plane. 

Construction.  Find  the  point  in  which  the  perpendicular 
through  S  to  the  plane  of  the  base  (H  in  this  problem)  pierces 
T,  as  in  Art.  28.  v'  is  its  vertical  projection.  The  vertical  pro- 
jections of  the  lines  cut  from  T  all  pass  through  this  point. 

Let  sp  be  the  horizontal  trace  of  an  auxiliary  plane.  It 
intersects  the  cone  in  the  elements  SE  and  SD,  and  the  cutting 
plane  in  the  straight  line  (^ps,  p'v'y  This  line  intersects  the 
elements  in  R  and  Y,  which  are  points  of  the  required  curve. 
In  the  same  way  any  number  of  points  may  be  found. 

To  find  the  point  of  the  curve  on  any  particular  element, 
as  SM,  we  pass  an  auxiliary  plane  through  this  element,  sm 
is  its  horizontal  trace,  and  Z  and  X  are  the  two  points  on  this 
element.  The  vertical  projection  of  the  curve  is  tangent  to 
s'm'  at  2',  and  to  s'o'  at  u'.  The  points  q  and  u>,  in  which  the 
horizontal  projection  is  tangent  to  si  and  S7i,  are  found  by 
using  as  auxiliary  planes  the  two  planes  whose  traces  are  sl 
and  sn. 

To  draw  a  tangent  to  the  curve  at  any  point,  as  X,  pass  a 
plane  tangent  to  the  cone  at  X.  ie  is  its  horizontal  trace 
(Art.  99).  It  intersects  T  in  CX,  which  is  therefore  the  re- 
quired tangent  (Art.  105). 

The  part  of  the  curve  which  lies  above  the  two  extreme 
elements  SL  and  SN  is  seen,  and  therefore  its  projection,  wi/zq, 
is  full.  For  a  similar  reason  the  projection  z'q'x'u',  of  that 
part  of  the  curve  which  lies  in  front  of  the  two  extreme  ele- 
ments, SM  and  SO,  is  full. 

To  show  the  curve  in  its  true  dimensions,  revolve  the  plane 
about  HT  until  it  coincides  with  H,  and  determine  each  point, 
as  Q  at  jj,  as  in  Art.  34.     Or  the  position  of  (s,  w')  may  be  found 


(110) 
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at  Vj.  Then  if  the  points  <?,  a,  h,  p,  etc.,  be  each  joined  with 
this  point  by  straight  lines,  we  have  the  revolved  positions 
of  the  lines  cut  from  the  given  plane  by  the  auxiliary  planes, 
and  the  points  y^,  z^,  r^,  rr^  in  which  these  lines  are  intersected 
by  the  perpendiculars  to  the  axis,  yy^,  zz-^,  etc.,  are  points  of 
revolved  position  of  the  curve,  x^c  is  the  revolved  position  of 
the  tangent. 

If,  in  Fig.  57,  both  traces  of  the  cutting  plane  made  acute 
angles  with  the  ground  line,  how  would  the  auxiliary  planes  be 
passed  in  order  to  find  the  required  points  most  conveniently  ? 

116.  To  find  the  intersection  of  any  two  curved  surfaces,  we 
intersect  them  by  a  system  of  auxiliary  surfaces.  Each  aux- 
iliary surface  will  cut  from  the  given  surfaces  lines,  the 
intersection  of  which  will  be  points  of  the  required  line 
(Art.  104). 

The  system  of  auxiliary  surfaces  should  be  so  chosen  as  to 
cut  from  the  given  surfaces  the  simplest  lines,  rectilinear  ele- 
ments if  possible,  or  the  circumferences  of  circles,  etc. 

To  draw  a  tangent  to  the  curve  of  intersection  at  any  point, 
pass  a  plane  tangent  to  each  surface  at  this  point.  Tlie  inter- 
section of  these  two  planes  will  be  the  required  tangent^  since 
it  must  lie  in  each  of  the  tangent  planes  (Art.  86). 

In  constructing  this  curve  of  intersection,  great  care  should 
be  taken  to  determine  those  points  in  which  its  projections  are 
tangent  to  the  limiting  lines  of  the  projections  of  the  surfaces ; 
and  also  those  points  in  which  the  curve  itself  is  tangent  to 
other  lines  of  either  surface,  as  these  points  aid  much  in  draw- 
ing the  curve  with  accuracy. 

117.  Problem  37.  To  find  the  intersection  of  a  cylinder 
and  a  cone. 

Let  the  surfaces  be  given  as  in  Fig.  59;  the  base  of  the 
cylinder  hci  being  in  the  horizontal  plane,  the  base  of  the  cone 
m'l'o'  in  the  vertical  plane,  and  S  its  vertex. 


(112) 
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Analysis.  Intersect  the  two  surfaces  by  a  system  of  aux- 
iliary planes  passing  through  the  vertex  of  the  cone  and  parallel 
to  the  rectilinear  elements  of  the  cylinder.  Each  plane  will  inter- 
sect each  of  the  surfaces  in  two  rectilinear  elements,  the  inter- 
section of  which  will  be  points  of  the  required  curve.  These 
planes  will  intersect  in  a  straight  line  passing  through  the 
vertex, of  the  cone  and  parallel  to  the  rectilinear  elements  of  the 
cylinder,  and  the  point  in  which  this  line  pierces  the  horizontal 
plane  will  be  a  point  common  to  the  horizontal  traces  of  all  the 
auxiliary  planes.  Also  the  point  in  which  this  line  pierces  V 
will  be  common  to  the  vertical  traces  of  all  the  auxiliary  planes. 

Construction.  Through  S  draw  SV  parallel  to  the  elements 
of  the  cylinder.  It  pierces  H  in  A,  and  V  in  v' .  Through  h 
draw  any  straight  line,  as  hd ;  it  may  be  taken  as  the  hori- 
zontal trace  of  an  auxiliary  plane,  the  vertical  trace  of  which  is 
do\  passing  through  v' ,  the  point  in  w^hich  SV  pierces  the  ver- 
tical plane.  This  plane  intersects  the  cylinder  in  two  elements 
which  pierce  H  at  ^  and  z,  and  are  horizontally  projected  in  gg^ 
and  iiy  The  same  plane  intersects  the  cone  in  two  elements 
which  pierce  V  in  a'  and  o',  and  are  horizontally  projected  in 
as  and  os.  These  elements  intersect  in  the  points  E,  X,  Y,  and 
Z,  which  are  points  of  the  required  curve.  In  the  same  way 
any  number  of  points  may  be  determined. 

The  vertical  projection  of  the  required  curve  is  tangent  to 
a's'  at  the  points  e'  and  y' ;  since  a's'  is  the  vertical  projection 
of  one  of  the  extreme  elements  of  the  cone.  The  points  of 
tangency  on  any  other  extreme  element,  either  of  the  cone  or 
the  cylinder,  may  be  determined  by  using  an  auxiliary  plane 
which  shall  contain  that  element. 

A  tangent  to  the  curve  at  any  of  the  points  thus  determined 
may  be  constructed  by  finding  the  intersection  of  two  planes, 
one  tangent  to  the  cylinder  and  the  other  to  the  cone,  at  this 
point  (Art.  116). 

C.-B.    DESCRIP.    GEOM. 8 
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The  plane  of  which  he  is  the  horizontal  trace  is  tangent  to 
the  cylinder  along  the  element  CX\,  and  intersects  the  cone  in 
the  two  elements  SR  and  SU.  If  at  P  a  plane  be  passed 
tangent  to  the  cone,  it  will  be  tangent  along  SP,  which  is  also 
its  intersection  with  the  plane  tangent  to  the  cylinder.  SP  is 
then  tangent  to  the  curve  at  P,  and  for  a  similar  reason  SQ  is 
tangent  at  Q.  Hence  the  two  projections  sp  and  sq  are 
tangent  to  epy  -  -  zq  ?il  p  and  q  respQctivelj- ;  and  the  vertical 
projections  of  the  same  elements  will  be  tangent  at  p'  and  q'. 

The  plane  of  which  v't  is  the  vertical  trace  is  tangent  to  the 
cone  along  the  element  SN,  and  intersects  the  cylinder  in  two 
elements,  the  horizontal  projections  of  which  are  tangent  to 
epy  -  -  zq  at  k  and  w. 

The  projections  of  tlie  curve  can  now  be  drawn  with  great 
accuracy.  The  horizontal  projection  of  that  part  which  lies  on 
the  upper  portion  of  both  cylinder  and  cone  is  drawn  full. 
Likewise  the  vertical  projection  of  that  part  which  lies  on  the 
front  side  of  both  surfaces  is  full. 

If  two  of  the  auxiliary  planes  used  in  finding  the  line  of 
intersection  be  passed  tangent  to  the  cylinder,  and  both  inter- 
sect the  cone,  it  is  evident  that  the  cylinder  will  penetrate  the 
cone  so  as  to  form  two  distinct  curves  of  intersection.  If  one 
intersects  the  cone  and  the  other  does  not,  a  portion  only  of  the 
cylinder  enters  the  cone,  and  there  will  be  a  continuous  curve 
of  intersection,  as  in  the  figure. 

If  neither  of  these  planes  intersects  the  cone,  and  the  cone 
lies  between  them,  the  cone  will  penetrate  the  cylinder,  making 
two  distinct  curves. 

If  both  planes  are  tangent  to  the  cone,  all  the  rectilinear  ele- 
ments of  both  surfaces  will  be  cut. 

Ex.  105.  Assume  a  cylinder  and  cone  with  bases  in  H,  and 
find  the  curve  of  intersection,  showing  invisible  portions  in 
each  projection  by  dashed  lines. 
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118.  Problem  38.  To  find  the  intersection  of  two  cylinders. 
If  we  pass|^,j|iane  tlirough  a  rectilinear  element  of  one  cylinder 
parallel  to  tlJ^rectilinear  elements  of  the  other,  and  then  inter- 
sect the  cylinders  by  a  system  of  planes  parallel  to  this  plane, 
points  on  the  curve  of  intersection  of  the  two  cylinders  may  be 
found  by  a  process  similar  to  that  of  the  preceding  problem. 
The  horizontal  traces  of  all  the  auxiliary  planes  will  be  parallel ; 
likewise  the  vertical  traces. 

Ex.  106.  Assume  a  cylinder  with  base  in  H,  and  another 
with  base  in  V,  and  find  the  curve  of  intersection. 


Development  of  Spout  of  Teapot. 


119.   Problem  39.      To  find  the   intersection  of  two  cones, 

pass  a  system  of  planes  through  the  vertices  of  both  cones. 
The  straight  line  joining  these  vertices  will  lie  in  all  of  these 
planes,  and  pierce  the  horizontal  plane  in  a  point  common  to 
all  the  horizontal  traces ;  and  it  will  pierce  the  vertical  plane 
in  a  point  common  to  all  the  vertical  traces. 
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We  may  ascertain  whether  the  surfaces  intersect  in  two  dis- 
tinct curves,  or  only  one,  in  the  same  manner  as  i^^&jft.  117,  by 
passing  certain  auxiliary  planes  tangent  to  either  ffff face. 

Ex.  107.  Assume  two  intersecting  cones,  one  with  base  in 
H,  the  other  with  base  in  V,  and  find  the  curve  of  intersection. 

120.  Problem  40.  To  find  the  intersection  of  a  cone  and 
a  hemisphere. 

Let  mlo.  Fig.  61,  be  the  base  of  the  cone,  and  S  its  vertex  at 
the  center  of  the  sphere,  ahc  being  the  horizontal  and  a'd'o'  the 
vertical  projection  of  the  hemisphere. 

Analysis.  Intersect  the  surfaces  by  a  system  of  planes  pass- 
ing through  the  vertex  and  perpendicular  to  the  horizontal 
plane.  Each  plane  will  cut  from  the  cone  two  rectilinear 
elements,  and  from  the  hemisphere  a  semicircumference,  the 
intersection  of  which  will  be  points  of  the  required  curve. 

Construction.  Take  sp  as  the  horizontal  trace  of  one  of  the 
auxiliary  planes.  It  intersects  the  cone  in  the  two  elements 
SP  and  SQ,  and  the  hemisphere  in  a  semicircle  whose  center  is 
at  S.  Revolve  this  plane  about  the  horizontal  projecting  line 
of  S,  until  it  becomes  parallel  to  V.  The  element  SP  will  be 
vertically  projected  in  s'p\.,  SQ  in  s'^'^  the  semicircl-e  in  a'd'c', 
and  x\  and  y\  will  be  the  vertical  projections  of  the  revolved 
positions  of  the  points  of  intersection.  In  the  counter-revo- 
lution these  points  describe  the  arcs  of  horizontal  circles  and  in 
their  true  position  will  be  vertically  projected  at  x'  and  y,  and 
horizontally  at  x  and  y. 

In  the  same  way  any  number  of  points  may  be  found. 

The  points  of  tangency  u'  and  z'  are  found  by  using  auxiliary 
planes  which  cut  out  the  extreme  elements  SM  and  SO  of  the 
cone. 

The  points  in  which  the  vertical  projection  of  the  curve  is 
tangent  to  the  semicircle  a'd'c'  are  found  by  using  the  auxiliary 
plane  whose  trace  is  st. 
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121.  Problem  41.  To  develop  an  oblique  cone  with  any- 
base. 

Let  the  cone  be  given  as  in  the  preceding  problem,  Fig. 
61,  and  let  it  be  developed  on  the  plane  tangent  along  the 
element  SP. 

First  method.  Analysis.  If  the  cone  be  intersected  by  a 
sphere  having  its   center  at  the   vertex,  all  the  points  of  the 
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curve  of  intersection  will  be  at  a  distance  from  the  vertex 
equal  to  the  radius  of  the  sphere ;  hence  when  the  cone  is 
developed  this  curve  will  develop  into  the  arc  of  a  circle  having 
its  center  at  the  position  of  the  vertex  and  its  radius  equal  to 
that  of  the  sphere.  On  this  we  can  lay  off  the  rectified  arcs  of 
the  curve  of  intersection  included  between  the  several  recti- 
linear elements  (Art.  107).  and  then  draw  these  elements  to 
the  position  of  the  vertex. 

The  developed  base,  or  any  curve  on  the  surface,  may  be  traced 
on  the  plane  of  development  by  laying  off  on  each  element,  from 
the  vertex,  the  distance  from  the  vertex  to  the  point  where 
the  element  intersects  the  base  or  curve.  A  line  through  the 
extremities  of  these  distances  will  be  the  required  development. 

Construction.  Find,  as  in  the  preceding  problem,  the  curve 
XUY — .     With  S,  Fig.  62,  as  a  center  and  «a  as  a  radius, 

describe  the  arc  XUR .     It  is  the  indefinite  development  of 

the  intersection  of  the  sphere  and  the  -cone.  Draw  SX  for 
the  position  of  the  element  SX. 

To  find  the  distance  between  any  two  points  measured  on  tht 
curve  XUY ,  we  first  develop  its  horizontal  projecting  cylin- 
der on  a  plane  tangent  to  it  at  X,  as  in  Art.  109.  X'U'R'X', 
Fig.  62  a,  is  the  development  of  the  curve.  On  XUR  lay  off 
XU  equal  to  X'U',  UR  equal  to  U'R',  etc.,  and  draw  SU,  SR, 
etc.  These  will  be  the  positions  of  the  elements  on  the  plane 
of  development.  On  these  lay  off  SP  equal  to  »'p\,  SM  equal 
to  s'm\,  etc.,  and  join  the  points  PME,  etc.,  and  we  have  the 
development  of  the  base  of  the  cone. 

122,  Second  method ;  development  by  triangulation.  If  in 
Fig.  61  the  elements  are  taken  sufficiently  numerous  so  that 
the  chords  pm,  me,  etc.,  are  practically  equal  to  the  subtended 
arcs,  the  cone  may  be  developed  without  the  use  of  the  auxil- 
iary sphere,  by  conceiving  the  surface  to  be  approximately  a 
pyramid  made  up  of  the  triangles  PSM,  MSE,  ESL,  etc. 
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Let  SP  be  laid  off  in  its  true  length  (s'jt>j).  Then  with 
S,  Fig.  62,  as  center  and  a  radius  equal  to  s'm'y,  the  true 
length  of  the  element  SM,  strike  an  arc.  Also  with  P  as  cen- 
ter and  a  radius  equal  to  the  chord  pm^  strike  an  arc  inter- 
secting the  arc  just  drawn.  This  determines  a  triangle  PSM. 
To  the  right  of  this  triangle  lay  off  the  adjoining  one  SME  in 
the  same  manner,  continuing  until  all  the  triangles  have  been 
laid  off.  A  smooth  curve  through  the  points  P^NIEL,  etc.,  will 
be  the  developed  curve  of  the  base. 

Any  curve  of  the  surface  may  be  traced  on  the  plane  of  devel- 
opment by  laying  off  on  each  element,  from  the  vertex,  the 
distance  from  the  vertex  to  the  point  where  the  element  inter- 
sects the  curve,  and  drawing  a  smooth  curve  through  the  points 
thus  determined. 

Ex.  108.  Analyze  the  problem,  to  find  the  shortest  path  on 
the  surface  of  a  cylinder  or  cone,  between  two  given  points  on 
the  surface. 

Cox VOLUTES 

123.  Single -curved  surfaces  of  the  third  kind  are  called 
convolutes.  They  may  be  generated  by  drawing  a  system  of 
tangents  to  any  space  curve.  These  tangents  will  evidently  be 
rectilinear  elements  of  a  single-curved  surface.  For  if  we  con- 
ceive a  series  of  consecutive  points  of  a  space  curve  as  a,  5,  c,  c?, 
etc.,  the  tangent  which  contains  a  and  h  (Art.  60)  is  intersected 
by  the  one  which  contains  h  and  c  at  5 ;  that  which  contains  h 
and  c,  by  the  one  which  contains  c  and  d  dX  c  ;  and  so  on,  each 
tangent  intersecting  the  preceding  consecutive  one,  but  not  the 
others,  since  no  two  elements  of  the  curve  not  consecutive  are 
in  general  in  the  same  plane  (Art.  55). 

124.  The  helical  convolute.  If  the  curve  to  which  the  tan- 
gents are  drawn  is  a  helix,  the  surface  may  be  represented  thus  : 
Let  pxy^  Fig.  64,  be  the  horizontal,  and  p'x'y'  the  vertical  pro- 
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jection  of  the  helical  directrix.  Since  the  rectilinear  elements 
are  all  tangent  to  this  directrix,  any  one  may  be  assumed,  as  in 
Art.  73  ;  hence  XZ,  YU,  etc.,  are  elements  of  the  surface. 

A  point  of  the  surface  may  be  assumed  by  taking  a  point  on 
any  assumed  element. 

These  elements  pierce  H  in  the  points  z,  w,  v,  etc.,  and  zuvtv 
is  the  horizontal  trace  of  the  surface,  and  may  be  regarded  as 


I 

Fiu.  Go.  —  Helical  Couvolute. 

its  base  ;  and  it  is  evident  that  if  the  surface  be  intersected  by 
any  plane  parallel  to  this  base,  the  curve  of  intersection  will 
be  equal  to  the  base. 

Since  each  of  the  tangents,  xz,  os,  etc.,  is  equal  to  the  rectified 
arc,  from  the  springing  point  p,  tlie  curve  is  an  involute  of  the 
circle  pri/. 

This  surface  is  also  known  as  the  Olivier  Spiraloid,  and  is 
used  as  the  working  surface  in  the  teeth  of  skew  bevel  gears. 
See  McCord's  Kinematics  of  Machines,  Arts.  382-385  ;  Robin- 
son's Principles  of  Mechanism,  pp.  181-186  ;  Grant's  Teeth  of 
Wheels,  Arts.  175-177  ;   American  Machinist,  Aug.  28,  1890. 

125.  PuoBLE^r  42.  To  pass  a  plane  tangent  to  a  helical  con- 
volute at  a  given  point  on  its  surface. 

Let  the  surface  be  given  as  ni  Fig.  6-1,  and  let  R  be  the  given 
point  (Art.  124). 
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Analysis.  Since  this  is  a  single-curved  surface,  the  tangent 
plane  must  be  tangent  all  along  the  rectilinear  element  through 
the  point  of  contact  (Art.  89).  Its  horizontal  trace  must  there- 
fore be  tangent  to  the  base  (Art.  91).  If  through  the  point 
where  this  element  pierces  the  horizontal  plane  a  straight  line 
is  drawn  tangent  to  the  base,  it  will  be  the  required  horizontal 
trace,  and  the  vertical  trace  may  be  determined  as  in  the  case 
of  the  cylinder  or  cone. 

Construction.  The  element  RX  pierces  H  at  Z.  At  this 
point  draw  the  tangent  HT  (perpendicular  to  zx)  ;  it  is  the 
horizontal  trace.     VT  is  the  vertical  trace. 

126.  Problem  43.  To  pass  a  plane  tangent  to  a  helical 
convolute  through  a  given  point  without  the  surface,  we  pass  a 
plane  through  the  point  parallel  to  the  base  and  draw  a  tangent 
to  the  curve  of  intersection  (Art.  124)  through  the  point. 
This  tangent,  with  the  element  of  the  surface  through  its  point 
of  contact,  will  determine  the  tangent  plane. 

127.  Problem  44.  To  pass  a  plane  tangent  to  a  helical  con- 
volute and  parallel  to  a  given  straight  line. 

Let  the  surface  be  given  as  in  Fig.  04,  and  let  MN  be  the 
given  line. 

Analysis.  If  wath  any  point  of  the  straight  line  as  a  vertex 
we  construct  a  cone  whose  elements  make  the  same  angle  with 
the  horizontal  plane  as  the  elements  of  the  surface,  and  pass  a 
plane  through  the  line  tangent  to  this  cone,  it  will  be  parallel 
to  the  required  plane.  The  traces  of  the  required  plane  may 
then  be  constructed  as  in  Art.  95. 

Construction.  Take  n'  as  the  vertex  of  the  auxiliary  cone  and 
draw  w'J,  making  with  the  ground  line  an  angle  equal  to  o's'v' ; 
hca  will  be  the  base  of  the  cone  in  H.  Through  m  draw  mc 
tangent  to  hca.  It  will  be  the  horizontal  trace  of  the  parallel 
plane,  and  HF,  parallel  to  it  and  tangent  to  uvw.,  is  the  required 
horizontal  trace.     Let  the  student  construct  the  vertical  trace. 
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128.  By  an  examination  of  the  preceding  problems  it  will  be 
seen : 

(1)  That,  in  general,  only  one  plane  can  be  drawn  tangent 
to  a  single-curved  surface  at  a  given  point. 

(2)  That  the  number  which  can  be  drawn  through  a  given 
point  without  the  surface,  and  tangent  along  an  element,  will 
be  limited. 

(3)  That  the  number  which  can  be  drawn  parallel  to  a  given 
straight  line,  and  tangent  along  an  element,  is  also  limited. 

(4)  That  in  general  a  plane  cannot  be  passed  through  a 
given  straight  line  and  tangent  to  a  single-curved  surface.  If, 
however,  the  given  line  lies  on  the  convex  side  of  the  surface, 
and  is  parallel  to  the  rectilinear  elements  of  a  cylinder,  or 
passes  througli  the  vertex  of  a  cone,  or  is  tangent  to  a  line  of 
the  surface,  the  problem  is  possible. 

129.  Problem  45.  To  find  the  intersection  of  a  helical  con- 
volute by  a  plane,  intersect  tlie  surfaces  by  a  system  of  auxiliary 
planes  tangent  to  the  projecting  cylinder  of  the  helix.  These 
intersect  the  convolute  in  rectilinear  elements,  and  the  plane 
in  straight  lines,  the  intersection  of  which  will  be  points  of  the 
required  curve. 

130.  Problem  46.  To  develop  a  helical  convolute.  When 
the  surface  is  laid  out  jnto  a  plane,  the  helix  takes  the  form  of 

p 

a  circular  arc  whose  radius  R  =  r  H -.  in  which  P  is  the  pitch 

4  TT-/- 

of  the  helix,  and  r  is  the  radius  of  the  horizontal  projection  of 

the  helix.     The  developed  elements  of  the  surface  are  tangent 

to  the  developed  helix,  and  the  developed  base  of  the  surface  is 

the  involute  of  this  curve  (Art.  124). 

To  draw  the  development  of  any  curve  of  the  surface,  the 

proper  distances  may  be  laid  off  along  the  elements,  either  from 

the  points  where  the  elements  cut  the  base,  or  from  the  points 

of  tangency  of  the  elements  with  the  developed  helix. 
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Ex.  109.  Assume  a  helix  whose  H  projection  is  a  circle  of 
1|"  diameter,  and  whose  pitch  is  4".  (a)  With  this  as  a 
directrix  construct  the  two  projections  of  a  helical  convolute, 
showing  eight  elements  in  the  first  half  convolution.  (6)  Find 
the  intersection  of  this  surface  with  an  oblique  plane,  (c)  De- 
velop the  surface,  showing  the  curve  of  intersection  upon  the 
development,  (t?)  Trace  the  helix  upon  a  wooden  cylinder  of 
1^"  diameter,  cut  the  development  from  the  drawing  paper, 
and  fit  the  inner  curve  to  the  helix,  thus  causing  the  paper  to 
take  the  true  shape  of  the  convolute. 

Warped  Surfaces  with  a  Plane  Directer 

131.  There  are  a  great  variety  of  warped  surfaces,  differing 
from  one  another  in  their  mode  of  generation  and  properties. 

The  most  simple  are  those  which  may  be  generated  by  a 
straight  line  generatrix,  moving  so  as  to  touch  two  other  lines 
as  directrices,  and  parallel  to  a  given  plane,  called  a  plane 
directer. 

Such  surfaces  are  ivarped  surfaces  with  two  linear  directrices 
and  a  plane  directer. 

They,  as  all  other  warped  surfaces,  may  be  represented  by 
projecting  one  or  more  curves  of  the  surface,  and  the  principal 
rectilinear  elements. 

132.  Problem  47.  Given  the  directrices  and  plane  directer 
of  a  warped  surface,  to  construct  the  rectilinear  element  through 
a  point  of  either  directrix.  Pass  a  plane  through  the  given  point 
parallel  to  the  plane  directer,  find  the  point  in  which  the  other 
directrix  pierces  this  plane,  and  join  it  with  the  given  point. 

Construction.  Let  MN  and  PQ,  Fig.  65,  be  any  two  linear 
directrices,  T  the  plane  directer,  and  O  any  point  of  the  first 
directrix. 

Assume  any  line  of  the  plane  directer,  as  CD  (Art.  27),  and 
through  the  different  points  of  this  line  draw  straight  lines 
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Fig.  65, 


SE,  SF,  etc.,  to  any  point,  as  S,  of  HT.  Through  O  draw  a 
system  of  lines,  OR,  OY,  etc.,  parallel  respectively  to  SE, 
SF,  etc.  These  will  form  a  plane  through  O,  parallel  to  the 
plane  T,  and  j^ierce  the  horizontal  projecting  cylinder  of  PQ, 
in  the  points  R,  Y,  W,  etc.  These  points,  being  joined,  will 
form  the  curve  RW,  which  intersects  PQ  in  X,  and  this  is 
the  point  in  which  the  auxiliary  plane  cuts  the  directrix  PQ. 
OX  will  then  be  the  required  element.  If  the  curve  r'w' 
should  intersect  ^j^'^'  in  more  than  one  point,  two  or  more 
elements  passing  through  O  would  thus  be  determined. 
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Fig.  m 


133.  Problem  48.  Given  the  directrices  and  plane  directer 
of  a  warped  surface,  to  construct  an  element  parallel  to  a  given 
straight  line ;  this  line  being  in  the  plane  directer,  or  parallel  to 
it.  Draw  through  the  different  points  of  either  directrix,  lines 
parallel  to  the  given  line.  These  form  the  rectilinear  ele- 
ments of  a  cylinder,  parallel  to  the  given  line.  If  the  points 
in  which  the  second  directrix  pierces  this  cylinder  be  found, 
and  lines  be  drawn  through  them  parallel  to  the  given  line, 
each  will  touch  both  directrices,  and  be  the  element  required. 

Construction.  Let  the  surface  be  given  as  in  the  preced- 
ing article  and  let  FS,  Fig.  Q6,  be  the  given  line.     Through 
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the  points  O,  K,  L,  etc.,  draw  OX,  KY,  LZ,  etc.,  parallel- to 
FS.  These  lines  pierce  the  horizontal  projecting  cylinder  of 
the  directrix  PQ,  in  the  points  X,  Y,  Z,  etc.,  which,  being 
joined,  form  the  curve  XY,  intersecting  PQ  in  W.  Through 
W  draw  WR,  parallel  to  FS  ;  it  is  a  required  element,  and 
there  may  be  two  or  more  as  in  the  preceding  article. 

134.  Classes  of  warped  surfaces  with  a  plane  directer.  If 
both  directrices  are  straight  lines,  the  surface  is  called  a 
hyperholie  paraboloid.  If  one  directrix  is  a  straight  line  and 
the  other  a  curved  line,  the  surface  is  a  conoid.  If  both  di- 
rectrices are  curved,  the  surface  is  a  eylindroid.  The  surfaces 
in   Figs.  Q^  and  66  are  cylindroids. 

If  the  rectilinear  directrix  of  a  conoid  is  perpendicular  to  the 
plane  directer,  it  is  a  right  conoid.,  and  this  directrix  is  the  line 
of  striction. 

The  Hyperbolic  Paraboloid 

135.  The  hyperbolic  paraboloid  is  so  named  because  its  inter- 
section by  a  plane  may  be  proved  to  be  either  a  hj^perbola  or 
a  parabola. 

Its  rectilinear  elements  may  be  constructed  by  the  principles 
in  Arts.  132  and  133.  In  the  first  case,  two  straight  lines  through 
the  given  point  will  determine  the  auxiliary  plane,  and  the  point 
in  which  it  is  pierced  by  the  second  directrix  may  be  determined 
at  once,  as  in  Art.  43.  In  the  second  case,  the  cylinder  be- 
comes a  plane,  and  the  point  in  which  it  is  pierced  by  the  second 
directrix  is  also  determined,  as  in  Art.  43. 

136.  Proposition  XXXIV.  The  rectilinear  elements  of  a 
hyperbolic  paraboloid  divide  the  directrices  proportionally.  For 
these  elements  are  in  a  system  of  planes  parallel  to  the  plane 
directer  and  to  one  another,  and  these  planes  divide  the  direc- 
trices into  proportional  parts  at  the  points  where  they  are 
intersected  by  the  elements. 
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Fig.  G7 


137.  Proposition  XXXY.  Conversely^  —  If  two  straight 
lines  be  divided  into  any  number  of  proportional  parts,  the 
straight  lines  joining  the  corresponding  points  of  division  will  lie 
in  a  system  of  parallel  planes,  and  be  elements  of  a  hyperbolic 
paraboloid,  the  plane  directer  of  which  is  parallel  to  any  two  of 
these  dividing  lines. 

Thus,  let  MN  and  OP,  Fig.  67,  be  any  t^YO  rectilinear  direc- 
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trices.  Take  any  distance,  as  mU  and  lay  it  off  on  mn  any 
number  of  times,  as  ml,  Ik,  kg,  etc.  Take  also  any  distance,  as 
pr,  and  lay  it  off  on  po  any  number  of  times,  as  pr,  rs,  su,  qo,  etc. 
Join  the  corresponding  points  of  division  by  straight  lines,  Ir, 
ks,  gu,  etc.;  these  will  be  the  horizontal  projections  of  recti- 
linear elements  of  the  surface.  Through  m,  I,  k,  etc.,  and/),  r, 
s,  etc.,  erect  perpendiculars  to  the  ground  line,  to  m',  V,  k\  etc., 
and  p' ,  r\  «',  etc.,  and  join  the  corresponding  points  by  the 
straight  lines  Vr\  k's',  g'u',  etc.;  these  will  be  the  vertical  pro- 
jections of  the  elements. 

138.  Problem  49.  To  assume  a  point  on  any  warped  sur- 
face. We  first  assume  one  of  its  projections,  as  the  hori- 
zontal. If  this  lies  on  the  horizontal  projection  of  an  element 
already  drawn,  its  vertical  projection  may  easily  be  found  on 
the  vertical  projection  of  that  element.  Otherwise,  pass  a  plane 
through  the  point  perpendicular  to  H.  It  will  intersect  the 
rectilinear  elements  in  points  which,  joined,  will  give  a  line  of 
the  surface,  and  the  vertical  projection  of  the  assumed  point 
will  lie  in  the  vertical  projection  of  this  line. 

In  Fig.  67,  X  is  the  assumed  horizontal  projection  of  a  point 
on  the  surface  of  the  hyperbolic  paraboloid.  The  method  of 
finding  the  location  of  x'  will  be  evident  from  an  examination 
of  the  figure. 

139.  Proposition  XXXVI.  If  any  two  rectilinear  elements 
of  a  hyperbolic  paraboloid  be  taken  as  directrices,  with  a  plane 
directer  parallel  to  the  first  directrices,  and  a  surface  be  thus  gen- 
erated, it  will  be  identical  with  the  first  surface. 

To  prove  this  we  have  only  to  prove  that  any  point  of  an 
element  of  the  second  generation  is  also  a  point  of  the  first 
generatioji. 

Thus,  let  MN  and  OP,  Fig.  68,  be  the  directrices  of  the  first 
generation,  and  NO  and  MP  any  two  rectilinear  elements. 
Through  M  draw  MW  parallel  to  NO.     The  plane  WMP  will 
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be  parallel  to  the  plane  directer  of  the  first  generation,  and  may 
be  taken  for  it. 

Let  NO  and  MP  be  taken  as  the  new  directrices,  and  let  ST 
be  an  element  of  the  second  generation,  the  plane  directer 
being  parallel  to  MN  and  OP.  Through  U,  any  point  of  ST, 
pass  a  plane  parallel  to  WMP,  cutting  the  directrices  MN  and 
OP  in  Q  and  R.     Join  QR  ;  it  will  be  an  element  of  the  first 


generation  (Art.  132).  Draw  Nw  and  Q^  parallel  to  ST, 
piercing  the  plane  WMP  in  n  and  q.  Also  draw  Oo  and  Rr 
parallel  to  ST,  piercing  WMP  in  o  and  r;  and  draw  no,  inter- 
secting MP  in  T,  since  Nii,  ST,  and  Oo  are  in  the  same  plane. 
M,  q,  and  n  will  be  in  the  same  straight  line,  as  also  P,  r,  and 
0 ;  and  since  MN  and  Nw,  intersecting  at  N,  are  parallel  to  the 
plane  directer  of  the  second  generation,  their  plane  will  be  par- 
allel to  it,  as  also  the  plane  of  PO  and  Oo ;  hence,  these  planes 
being  parallel,  their  intersections,  Mn  and  Po,  with  the  plane 
WMP,  will  be  parallel.     Draw  qr. 
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Since  Qq  and  Nw  are  parallel,  we  have 
MQ  :  QN  :  :  M^  :  qn  . 
Also  PR  :  RO  :  :  Pr  :  ro. 

But  (Art.  136),         MQ  :  QN  :  :  PR  :  RO; 
hence,  M^'  :  qn  :  :  Pr  :  ro ; 

and  the  straight  line,  qr,  must  pass  through  T,  and  the  plane  of 
the  three  parallels,  Q^,  ST,  and  Rr,  contains  the  element  QR, 
which  must  therefore  intersect  ST  at  U.  Hence,  any  point  of 
a  rectilinear  element  of  the  second  generation  is  also  a  point  of 
an  element  of  the  first  generation,  and  the  two  surfaces  are 
identical.  It  follows  from  this,  that  through  any  point  of  a 
hyperbolic  paraboloid  two  rectilinear  elements  can  always  be 
drawn. 

Planes    Tangent    to   Warped    Surfaces   with    Plane 
DiRECTER.      Intersections 

140.  Proposition  XXXVII.  A  plane  tangent  to  a  warped 
surface,  although  it  contains  the  rectilinear  '  element  passing 
through  the  point  of  contact,  cannot  contain  its  consecutive  ele- 
ment, and  therefore  can,  in  general,  be  tangent  at  no  other  point 
of  the  element. 

141.  Proposition  XXXVIII.  If  a  plane  contain  a  rectilinear 
element  of  a  warped  surface,  and  be  not  parallel  to  the  other  ele- 
ments, it  will  be  tangent  to  the  surface  at  some  point  of  this 
element.  For  this  plane  will  intersect  each  of  the  other  recti- 
linear elements  in  a  point ;  and  these  points  being  joined,  will 
form  a  line  which  will  intersect  the  given  element.  If  at  the 
point  of  intersection  a  tangent  be  drawn  to  this  line,  it  will  lie 
in  the  tangent  plane  (Art.  86).  The  given  element,  being  its 
own  tangent  (Art.   60),  also  lies  in  the  tangent  plane.     The 
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plane  of  these  two  tangents,  that  is,  the  intersecting  plane,  is 
therefore  tangent  to  the  surface  at  this  point  (Art.  86).  It  is 
thus  seen  that,  in  general,  a  plane  tangent  to  a  warped  surface 
is  also  an  iiitersectitig  plaiie. 

If  the  intersecting  plane  be  parallel  to  the  rectilinear  ele- 
ments, there  will  be  no  curve  of  intersection  formed  as  above, 
and  the  plane  will  not  be  tangent. 

142.  Since  a  plane  tangent  to  a  warped  surface  must  contain 
the  rectilinear  element  passing  through  the  point  of  contact 
(Art.  88),  we  can  at  once  determine  one  line  of  the  tangent 
plane.  A  second  line  may  then  be  determined  in  accordance 
with  the  rule  in  Art.  86. 

When  the  surface  has  two  different  generations  by  straight 
lines,  the  plane  of  the  two  rectilinear  elements  passing  through 
the  given  point  will  be  the  required  plane. 

143.  Problem  50.  To  pass  a  plane  tangent  to  a  hyperbolic 
paraboloid  at  a  given  point  of  the  surface. 

Let  MN  and  PQ,  Fig.  69,  be  the  directrices,  and  MP  and 
NQ  any  two  elements  of  the  surface,  and  let  O,  assumed  as  in 
Art.  138,  be  the  given' point. 

Analysis.  Since  through  the  given  point  a  rectilinear  ele- 
ment of  each  generation  can  be  drawn  (Art.  139),  we  have 
simply  to  construct  these  two  elements  and  pass  a  plane 
through  them  (Art.  142). 

Con8tructio7i.  Through  O  draw  OE  and  OF  parallel  respec- 
tively to  NQ  and  MP.  These  will  determine  a  plane  parallel 
to  the  plane  directer  of  the  first  generation  (Art.  135).  This 
plane  cuts  the  directrix  PQ  in  the  point  U  (Art.  43).  Join  U 
with  O,  and  we  have  an  element  of  the  first  generation  (Art. 
132).  Let  NQ  and  MP  be  taken  as  directrices  of  the  second 
generation.  Through  O  draw  OC  and  OD  parallel  respec- 
tively to  MN  and  PQ.  They  will  determine  a  plane  parallel 
to  the  plane  directer  of   the  second  generation   (Art.   135). 
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This  plane  cuts  MP  in  W,  and  OW  will  be  an  element  of  the 
second  generation,  and  the  tangent  plane  is  determined  as  in 


Art.  30 


144.  Two  curved  surfaces  are  tangent  to  each  other  when  they 
have  at  least  one  point  in  common,  through  which  if  any  inter- 
secting plane  be  passed,  the  lines  cut  from  the  surfaces  will  be 
tangent  to  each  other  at  this  point.  This  will  evidently  be  the 
case  when  they  have  a  common  tangent  plane  at  this  point. 
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145.  Proposition  XXXIX.  If  two  single-curved  surfaces 
are  tangent  to  each  other  at  a  point  of  a  common  element,  they 
will  be  tangent  all  along  this  element.  For  the  common  tan- 
gent plane  will  contain  tliis  element  and  be  tangent  to  each 
surface  at  every  point  of  the  element  (Art.  89). 

This  principle  is  not  true  with  warped  surfaces. 

146.  Proposition  XL.  But  if  two  warped  surfaces,  having 
two  directrices,  have  a  common  plane  directer,  a  common  rec- 
tilinear element,  and  two  common  tangent  planes,  the  points  of 
contact  being  on  the  common  element,  they  will  be  tangent  all 
along  this  element.  For  if  through  each  of  the  points  of  con- 
tact any  intersecting  plane  be  passed,  it  will  intersect  the  sur- 
faces in  two  lines,  which  will  have,  besides  the  given  point  of 
contact,  a  second  consecutive  point  in  common  (Art.  86).  If, 
now,  the  common  element  be  moved  upon  the  lines  cut  from 
either  surface,  as  directrices,  and  parallel  to  the  common  plane 
directer,  into  its  consecutive  position,  containing  these  second 
consecutive  points,  it  will  evidently  lie  in  both  surfaces,  and 
the  two  surfaces  will  thus  contain  two  consecutive  rectilinear 
elements.  If,  now,  any  plane  be  passed,  intersecting  these 
elements,  two  lines  will  be  cut  from  the  surfaces,  having  two 
consecutive  points  in  common,  and  thei-efore  tangent  to  each 
other;  hence  the  surfaces  will  be  tangent  all  along  the  common 
element  (Art.  144). 

147.  Problem  51.  To  pass  a  plane  tangent  to  a  conoid  or  a 
cylindroid  at  a  given  point  of  the  surface.  Let  MN  and  PQ, 
Fig.  70,  be  the  two  directrices  of  a  cylindroid  having  V  for  its 
plane  directer,  and  let  O  be  the  given  point.  At  the  points  X 
and  Y,  in  which  the  rectilinear  element  through  O  intersects 
the  directrices,  draw  a  tangent  to  each  directrix,  as  XZ  and 
YU.  On  these  tangents  as  directrices  move  XY  parallel  to  V. 
It  will  generate  a  hyperbolic  paraboloid  (Art.  135)  halving 
with  the  given  surface  the  common  element  XY,  and  a  common 
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tangent  plane  at  each  of  the  points  X  and  Y,  since  the  plane  of 
the  two  lines  XY  and  XZ,  and  also  that  of  XY  and  YU  is  tan- 
gent to  both  surfaces 
(Art.  86).  The  two 
surfaces  are  therefore 
tangent  all  along  the 
common  element  XY 
(Art.  146).  If,  then, 
at  O  we  pass  a  plane 
tangent  to  the  hyper- 
bolic paraboloid,  it  will 
be  also  tangent  to  the 
given  surface  at  the 
same  j^oint.  Let  the  stu- 
dent complete  the  con- 
struction. 

148.  Problem  52. 
To  pass  a  plane  through 
a  given  straight  line,  and 
tangent  to  a  warped  surface,  it  is  necessary  only  to  produce  the 
line  until  it  pierces  the  surface,  and  through  the  point  thus 
determined  draw  the  rectilinear  element  of  the  surface.  This, 
with  the  given  line,  will  determine  a  plane  tangent  to  the 
surfax?e  at  some  point  of  the  element  (Art.  141). 

If  there  be  two  rectilinear  elements  passing  through  this 
point,  each  will  give  a  tangent  plane,  and  the  number  of 
tangent  planes  will  depend  upon  the  number  of  points  in 
which  the  line  pierces  the  surface.  If  the  given  line  be  parallel 
to  a  rectilinear  element,  it  pierces  the  surface  at  an  infinite 
distance,  and  the  tangent  plane  will  be  determined  by  the 
two  parallel  lines. 

149.  Problem  53.  To  find  the  intersection  of  any  warped 
surface  with  a  plane  directer,  by   an    oblique   plane,   intersect 


Fig.  70. 
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by  planes  parallel  to  the  plane  directer.  Each  will  cut  from 
the  surface  one  or  more  rectilinear  elements,  and  from  the 
plane  a  straight  line,  the  intersection  of  which  will  be  points 
of  the  required  curve. 

Or  otherwise,  intersect  by  planes  perpendicular  to  either 
plane  of  projection  ;  cutting  elements  from  the  surface,  and 
straight  lines  from  the  plane. 

Ex.  110.  Assume  two  non-parallel,  non-intersecting  lines, 
AB  and  CD,  as  the  directrices  of  a  hyperbolic  paraboloid,  and  a 
plane  T  as  directer.  Determine  two  elements  of  the  surface 
by  Art.  132.  Then  determine  three  other  elements  by  Art. 
137.  Assume  a  point  X  of  the  surface  not  on  any  of  these 
five  elements  (Art.  138).  Construct  an  element  MN  through 
X  (Art.  143).  Construct  an  element  OP  of  the  second  genera- 
tion through  X.     Pass  a  plane  S  tangent  to  the  surface  at  X. 

Ex.  111.  Find  the  intersection  between  a  hyperbolic  parab- 
oloid similar  to  the  one  in  Fig.  67,  and  an  oblique  plane  (Art. 
149). 

Ex.  112.  Assume  a  helix  as  the  curvilinear  directrix  of  a 
right  conoid,  and  the  axis  of  the  helix  as  its  rectilinear  direc- 
trix, perpendicular  to  H,  the  horizontal  plane  being  the  plane 
directer.  Then  assume  an  oblique  cone  with  base  in  H,  and 
vertex  in  the  axis  of  the  helix.  Find  the  intersection  between 
the  cone  and  conoid  by  passing  a  system  of  auxiliary  planes  in 
such  a  manner  as  to  cut  elements  from  both  surfaces. 

Ex.  113.  Assume  a  circle  in  H,  and  a  straight  line  parallel 
to  the  ground  line  as  the  directrices  of  a  right  conoid,  with  the 
profile  plane  as  directer.  Assume  a  straight  line  FG  in  such  a 
way  as  to  cut  the  surface  of  the  conoid.  Pass  a  plane  T 
through  FG  and  tangent  to  the  surface  (Art.  148).  Then  find 
the  point  of  tangency  (Art.  141).     Analyze. 

Ex.  114.  Assume  a.cylindroid  similar  to  that  of  Fig.  66, 
and  any  straight  line  in  space  not  perpendicular  to  the  plane 
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directer.  Pass  a  plane  S  tangent  to  the  cylindroid  and  per- 
pendicular to  this  line.  The  solution  depends  upon  Arts.  133 
and  148.     Let  the  student  analyze  the  problem. 

Ex.  115.  Assume  a  conoid  with  H  as  the  plane  directer,  and 
j)ass  a  plane  tangent  to  the  surface  at  an  assumed  point  of  the 
surface  (Art.  147).  To  facilitate  the  construction,  let  the  pro- 
jections of  the  curvilinear  directrix  be  circular  arcs. 

The  Helicoid 

150.  A  helicoid  is  a  warped  surface  generated  by  a  straight 
line  so  moving  that  it  constantly  touches  a  helix  (Art.  70), 
and  the  axis  of  the  helix,  and  makes  a  constant  angle  with 
the  axis.* 

The  surface  may  be  represented  by  taking  the  axis  perpen- 
dicuhir  to  the  Jiorizontal  plane.  Fig.  71,  o  being  its  hori- 
zontal, ^nd  o'w'  its  vertical  projection ;  and  constructing 
the  helix  PRQ  (Art.  71),  and  the  projections  of  the  several 
elements. 

151.  To  construct  the  projections  of  the  elements  of  the  sur- 
face. Let  P  be  the  point  in  H  from  wliicli  the  helix  springs, 
and  PO,  parallel  to  V,  the  first  position  of  the  generatrix ; 
the  angle  p'oV  being  the  constant  angle  between  the  ele- 
ments and  the  axis.  To  construct  the  projections  of  an 
element  through  the  point  X  on  the  helix,  we  regard  the 
generatrix  as  having  moved  along  the  helix  from  P  to  X. 
In  so  doing  it  has  risen  through  a  vertical  distance  equal 
to  ii'x\  The  point  where  the  generatrix  intersects  the  axis  will 
have  risen  through  the  same  distance.  Hence  we  lay  off  o' o\ 
equal  to  sV ;  and  x^ o\  will  be  the  vertical  projection  of  the 
element,  and  xo  its  horizontal.  In  the  same  way  the  element 
(o?/,  0  22/')  ^^^y  ^^  assumed. 

*For  a  discussion  of  the  general  case  of  a  "  hellcoidal  surface,"  seeMcCord's 
Descriptive  Geometry. 
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152.  To  assume  any  point  on  the  surface,  we  first  assume 
its  liorizontal  projection,  as  w,  and  construct  the  two  projec- 
tions of  the  element,  as  (ox,  o\x' ).     The  vertical  projection  of 
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the  jjoiiit  will  then  be  found  on  the  vertical  projection  of  the 

element. 

If  the  vertical  projection  of  the  point  is  first  assumed,  and  if  it 

does  not  lie  on  an  element  already  drawn,  it  will  be  necessary  to 

follow  the  method  of 
Art.  138. 

153.  To  construct 
the  horizontal  trace 
of  the  surface,  we 
find  the  horizontal 
piercing  points,  p^  w, 
w,  etc.,  of  the  sev- 
eral elements,  and 
the  curve  puw  is  the 
horizontal  trace  of 
the  surface.  Tliis 
curve  is  the  Spiral 
of  Archimedes. 

The  surface  is 
manifestly  a  warped 
surface,  since,  from 
the  nature  of  its  gen- 
eration, no  two  con- 
secutive positions  of 
the  generatrix  can  be 
parallel  or  intersect. 
This  surface  is  an 

important  one,  as  it  forms  the  curved  surface  of  the  thread  of 

the  ordinary  screw  (Fig.  72). 

If  the  generatrix  is  perpendicular  to  the  axis,  the  helicoid 

becomes  a  particular  case  of  the  right  conoid  (Art.  134),  the 

horizontal  plane  being  the  plane  directer,  and  any  helix   the 

curvilinear    directrix.      This    is    the    surface   in   the   square- 


FiG.  72.  —  Screw-thread.     Helicoidal  Surface. 
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threaded  sc^e^y.     The  joints  in  certain  types  of  skew  arches 
are  also  of  this  form. 

154.  Problem  54.  To  pass  a  plane  tangent  to  a  helicoid  at  a 
point  of  the  surface. 

Let  the  surface  be  given  as  in  Fig.  71  and  let  M  be  the  given 
point. 

Analysis.  The  tangent  plane  must  contain  the  rectilinear 
element  passing  through  the  given  point,  and  also  the  tangent 
to  the  helix  at  this  point  (Art.  86).  The  plane  of  these  two 
lines  will  then  be  the  required  plane. 

Construction.  MX  is  the  rectilinear  element  through  M.  It 
pierces  H  at  w;  cmd  is  the  horizontal  projection  of  the  helix 
through  M.  Draw  the  tangent  to  this  helix  at  M,  as  in  Art.  73. 
mz  will  be  its  horizontal  projection,  Z  the  point  in  which  it 
pierces  the  horizontal  plane  through  C,  and  m'z'  its  vertical  pro- 
jection. This  tangent  pierces  H  at  ^;  hence  hu  is  the  hori- 
zontal trace  of  the  required  plane,  and  VT  is  the  vertical  trace. 

155.  Problem  55.  To  pass  a  plane  tangent  to  a  helicoid 
and  perpendicular  to  a  given  straight  line. 

Analysis.  If,  with  any  point  of  the  axis  as  a  vertex,  we 
construct  a  cone  whose  rectilinear  elements  shall  make  with 
the  horizontal  plane  the  same  angle  as  that  made  by  the  rec- 
tilinear elements  of  the  given  surface,  and  through  the  ver- 
tex of  this  cone  pass  a  plane  perpendicular  to  the  given  line 
(Art.  44),  it  will,  if  the  problem  be  possible,  cut  from  the 
cone  two  elements,  each  of  which  will  be  parallel  to  a  recti- 
linear element  of  the  helicoid  and  have  the  same  horizontal 
projection.  If  through  either  of  these  elements  of  the  helicoid 
a  plane  be  passed  parallel  to  the  auxiliary  plane,  it  will  be 
tangent  to  the  surface  (Art.  141)  and  perpendicular  to  the 
given  line. 

Let  the  problem  be  constructed  in  accordance  with  the 
analysis. 
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156.  Problem  56.  To  find  the  intersection  of  a  helicoid  by 
a  plane.  Let  the  surface  be  given  as  in  Art.  150.  Intersect  by 
a  system  of  auxiliary  planes  through  the  axis.  These  will  cut 
from  the  surface  rectilinear  elements,  and  from  the  plane 
straight  lines,  the  intersection  of  which  will  be  points  of  the 
required  curve. 

Let  the  construction  be  made,  and  the  curve  and  its  tan- 
gent represented  in  true  dimensions. 

Ex.  116.  To  find  the  point  in  which  a  given  line  pierces 
a  helicoid.     Analyze  and  construct. 

Ex.  117.  Assume  the  vertical  projection  of  a  point  on  a 
helicoid,  and  find  its  horizontal  projection  (Art.  138). 

Ex.  118.  Pass  a  plane  through  a  given  straight  line  and 
tangent  to  a  helicoid,  and  find  the  point  of  tangency  (Art. 
141).     When  is  the  problem  impossible? 

Ex.  119.  Find  the  intersection  between  a  helicoid  and  a 
cylinder  whose  elements  are  parallel  to  the  axis  of  the  helicoid. 
Analyze. 

Ex.  120.  Find  the  intersection  between  a  helicoid  and  an 
oblique  cone — axis  of  helicoid  perpendicular  to  H,  vertex 
of  cone  in  axis  of  helicoid,  and  base  of  cone  lying  in  V. 
Analyze. 

Warped  Surfaces  with  Three  Linear  Directrices 

157.  A  third  class  of  warped  surfaces  consists  of  those 
which  may  be  generated  by  moving  a  straight  line  so  as  to 
touch  three  lines  as  directrices,  or  ivarped  surfaces  with  three 
linear  directrices. 

To  construct  a  rectilinear  element  of  this  class  of  surfaces 
passing  through  a  given  point  on  one  of  the  directrices,  draw 
through  this  point  a  system  of  straight  lines  intersecting  either 
of  the  other  directrices ;  these  form  the  surface  of  a  cone 
which  will  be  pierced  by  the  third  directrix  in  one  or  more 
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points,  through  which  and  the  given  point  straight  lines  may 
be  drawn  that  will  touch  the  three  directrices,  and  be  required 
elements. 

Construction.       Let    MN",   OP,    and    QR,    Fig.    73,    be    any 
three  linear  directrices,  and   M  a  given   point  on   the   first. 


Fig.  73. 


Through  M  draw  the  lines  :\I0,  IMS,  MP,  etc.,  intersecting 
OP  in  O,  S,  P,  etc.  They  pierce  the  horizontal  projecting 
cylinder  of  QR  in  X,  Y,  Z,  etc.,  forming  a  curve,  XYZ, 
which  intersects  QR  in  U,  the  point  in  which  QR  pierces 
the  surface  of  the  auxiliary  cone.  MU  is  then  a  required 
element,  two  or  more  of  which  would  be  determined  if  XZ 
should  intersect  QR  in  more  than  one  point. 
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158.  Classes  of  warped  surfaces  with  three  linear  directrices. 

The  directrices  may  all  be  curved  lines,  or  two  of  them  may  be 
curved  and  one  straight,  or  one  may  be  curved  and  two  straight, 
or  all  three  may  be  straight.  The  last-named  surface  is  the 
simplest  and  most  common,  and  is  called  a  Jiyperholoid  of  one 
■nappe,  as  many  of  its  intersections  by  planes  are  hyperbolas, 
while  the  surface  itself  is  unbroken.  For  applications  of  the 
first  two  of  the  above-named  surfaces,  see  the  discussion  of  the 
gate-recess  and  the  cow's-horn  arch  in  any  work  on  Stereotomy. 

159.  To  construct  a  rectilinear  element  of  a  hyperboloid  of  one 
nappe,  the  method  of  Fig.  73  is  here  much  simplified,  as  the 
auxiliary  cone  becomes  a  plane  ;  and  the  point  in  which  this 
plane  is  pierced  by  the  third  directrix  is  found  as  in  Art.  42 
or  43. 

160.  PROPOSiTioisr  XLI.  If  two  warped  surfaces,  having  three 
directrices,  have  a  common  element  and  three  common  tangent 
planes,  the  points  of  contact  being  on  this  element,  they  will  be 
tangent  all  along  this  element.  For  if  through  each  point  of 
contact  any  intersecting  plane  be  passed,  it  will  intersect  the 
surfaces  in  two  lines,  which,  besides  the  given  point  of  contact, 
will  have  a  second  consecutive  point  in  common.  If  the  com- 
mon element  be  moved  upon  the  three  lines  cut  from  either  sur- 
face as  directrices,  to  its  consecutive  position,  so  as  to  contain 
the  second  consecutive  points,  it  will  evidently  lie  in  both  sur- 
faces ;  hence  the  two  surfaces  contain  two  consecutive  recti- 
linear elements  and  will  be  tangent  all  along  the  common 
element. 

161.  To  pass  a  plane  tangent  to  a  warped  surface  with  three 
curvilinear  directrices  at  a  point  on  the  surface,  a  tangent  may  be 
drawn  to  each  at  the  point  in  which  the  rectilinear  element 
through  the  given  point  intersects  it ;  and  then  this  element 
may  be  moved  on  these  three  tangents  as  directrices,  generating 
a  hyperboloid  of  one  nappe  (Art.  158),  which  will  be  tangent 
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to  the  given  surface  all  along  a  common  element  (Art.  160). 
A  plane  tangent  to  this  auxiliary  surface  at  the  given  point  will 
also  be  tangent  to  the  given  surface. 

162.  An  infinite  number  of  planes  may,  in  general,  be  passed 
through  a  point  without  a  warped  surface,  and  tangent  to  it. 
For  if,  through  the  point,  a  system  of  planes  be  passed  inter- 
secting the  surface,  tangents  may  be  drawn  from  the  point  to 
the  curves  of  intersection,  and  these  will  form  the  surface  of  a 
cone  tangent  to  the  warped  surface.  Any  plane  tangent  to 
this  cone  will  be  tangent  to  the  warped  surface,  and  pass 
through  the  point. 

Also,  an  infinite  number  of  planes  may,  in  general,  be  passed 
tangent  to  a  warped  surface  and  parallel  to  a  straight  line. 
For  if  the  surface  be  intersected  by  a  system  of  planes  parallel 
to  the  line,  and  tangents  parallel  to  the  line  be  drawn  to  the 
sections,  they  will  form  the  surface  of  a  cylinder  tangent  to  the 
warped  surface.  Any  plane  tangent  to  this  cylinder  will  be 
tangent  to  the  warped  surface  and  parallel  to  the  given  line. 

163.  Other  varieties  of  warped  surfaces  may  be  generated 
by  moving  a  straight  line  so  as  to  touch  two  lines,  having  its 
different  positions,  in  succession,  parallel  to  the  different  recti- 
linear elements  of  a  cone ;  or  by  moving  it  parallel  to  a  given 
plane,  so  as  to  touch  two  surfaces,  or  one  surface  and  a  line  ;  or 
so  as  to  touch  three  surfaces,  two  surfaces  and  a  line,  one 
surface  and  two  lines ;  or  in  general,  so  as  to  fulfill  any  three 
reasonable  conditions. 

It  should  be  remarked  that  in  all  these  cases  the  directrices 
should  be  so  chosen  that  the  surface  generated  will  be  neither  a 
plane  nor  a  single-curved  surface.  Also,  that  these  surfaces,  as 
all  others,  may  be  generated  by  curves  moved  in  accordance 
with  a  law  peculiar  to  each  variety. 

164.  If  a  curve  be  moved  in  any  way  so  as  not  to  generate 
either  a  plane,  a  single-curved  surface,  or  a  warped  surface,  it 
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will  generate  a  double-curved   surface,  the  simplest  variety  of 
which  is  the  surface  of  a  sphere. 

For  a  general  classification  of  surfaces,  the  student  is  referred 
to  the  arrangement  on  page  76. 

Surfaces  of  Revolution 

165.  A  surface  of  revolution  is  a  surface  which  may  be  gen- 
erated by  revolving  a  line  about  a  straight  line  as  an  axis 
(Art.  34). 

From  the  nature  of  this  generation  it  is  evident  that  any 
intersection  of  such  a  surface  by  a  plane  perpendicular  to  the 
axis  is  the  circumference  of  a  circle. 

Meridian  line  and  meridian  plane.  If  the  surface  be  inter- 
sected by  a  plane  passing  through  the  axis,  the  line  of  intersec- 
tion is  a  meridian  line,  and  the  plane  a  meridian  plane  ;  and  it  is 
also  evident  that  all  meridian,  lines  of  the  same  surface  are 
equal,  and  that  the  surface  may  be  generated  by  revolving  any 
one  of  these  meridian  lines  about  the  axis. 

166.  Proposition  XLII.  If  two  surfaces  of  revolution  hav- 
ing a  common  axis  intersect,  the  line  of  intersection  must  be  the 
circumference  of  a  circle  whose  plane  is  perpendicular  to  the  axis 
and  whose  center  is  in  the  axis.  For  if  a  plane  be  passed 
through  any  point  of  the  intersection  and  the  common  axis, 
it  will  cut  from  each  surface  a  meridian  line  (Art.  165),  and 
these  meridian  lines  will  have  the  point  in  common.  If  these 
lines  be  revolved  about  the  common  axis,  each  will  generate 
the  surface  to  which  it  belongs,  Avhile  the  common  point  will 
generate  the  circumference  of  a  circle  common  to  the  two 
surfaces,  and  therefore  their  intersection.  Should  the  meridian 
lines  intersect  in  more  than  one  point,  the  surfaces  will  inter- 
sect in  two  or  more  circumferences. 

167.  The  cylinder  of  revolution.  The  simplest  curved  sur- 
face of  revolution  is  that  which  may  be  generated  by  a  straight 
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line  revolving  about  another  straight  line  to  which  it  is 
parallel.  This  is  evidently  a  cylindrical  surface  (Art.  79),  and 
if  the  plane  of  the  base  be  perpendicular  to  the  axis,  it  is  a 
right  cylinder  with  a  circular  base. 

The  cone  of  revolution.  If  a  straight  line  be  revolved  about 
another  straight  line  which  it  intersects,  it  will  generate  a  conical 
surface  (Art.  83),  which  is  evidently  a  right  cone^  the  axis  being 
the  line  with  which  the  rectilinear  elements  make  equal  angles. 

These  are  the  only  two  single-curved  surfaces  of  revolution. 

The  Hyperboloid  op  Revolution  of  One  Nappe 
168.  If  a  straight  line  be  revolved  about  another  straight 
line  not  in  the  same  plane  with  it,  it  will  generate  a  surface 
of  revolution  called  a  hyperboloid  of  revolution  of  one  nappe. 
To  prove  that  this  is  a  warped  surface,  let  us  take  the  hori- 
zontal plane  perpendicular  to  the  axis,  and  the  vertical  plane 
parallel  to  the  generatrix  in  its  first  position,  and  let  c.  Fig.  74, 
be  the  horizontal,  and  c' s'  the  vertical  projection  of  the  axis, 
and  MP  the  generatrix;  cm  will  be  the  horizontal,  and  c'm' 
the  vertical  projection  of  the  shortest  distance  between  these 
two  lines  (Art.  53). 

As  MP  revolves  about  the  axis,  CM  will  remain  perpen- 
dicular to  it,  and  M  will  describe  a  circumference  which  is 
horizontally  projected  in  mxy,  and  vertically  in  y'x'  ;  and  as 
CM  is  horizontal,  its  horizontal  projection  wall  be  perpen- 
dicular to  the  horizontal  projection  of  MP  in  all  of  its  positions 
(Prop.  XX,  Art.  14),  and  remain  of  the  same  length ;  hence 
the  horizontal  projection  of  MP  in  any  position  will  be  tan- 
gent to  the  circle  mxy.  No  two  consecutive  positions  can 
therefore  be  parallel.  Neither  can  they  intersect ;  for  from 
the  nature  of  the  motion  any  two  must  be  separated  at  any 
point  by  the  elementary  arc  of  the  circle  described  by  that 
point.      The  surface  is  therefore  a  warped  surface. 


148 


The  point  P,  in  which  MP  pierces  H,  generates  the  circle ptvq, 
which  may  be  regarded  as  the  base  of  the  surface. 

The  circle  generated  by  ]\I  is  the  smallest  circle  of  the  sur- 
face and  is  the  circle  of  the  gorge. 

169.  To  assume  a  rectilinear  element,  we  take  any  point  in 
the  base,  pwq,  and  through  it  draw  a  tangent  to  xmi/,  as  wz  ; 
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this  will  be  the  horizontal  projection  of  an  element.     Through 

z  erect  the  perpendicular   22' ;  z'  will  be  the  vertical  projection 

of  the  point  in  which  the 

element  crosses  the  circle 

of  the  gorge,  and  w^z^  will 

be  the  vertical  projection 

of  the  element. 

To  assume  a  point  of  the 
surface,  we  may  first  as- 
sume its  horizontal  projec- 
tion, as  w,  and  through  it 
draw  the  horizontal  pro- 
jection of  an  element. 
The  vertical  projection  of 
the  point  will  be  found  on 
the  vertical  projection  of 
the  element. 

170.  Double  generation. 
If  through  the  point  M 
a  second  straight  line  as 
MQ  be  drawn  parallel  to 
the  vertical  plane,  and 
making  with  the  horizon- 
tal plane  the  same  angle 
as  MP,  and  this  line  be 
revolved  about  the  same 
axis,  it  will  generate  the 
same  surface.  For  if  any  plane  be  passed  perpendicular  to  the 
axis,  as  the  plane  whose  vertical  trace  is  e'g\  it  will  cut  MP  and 
MQ  in  two  points  E  and  G,  equally  distant  from  the  axis,  and 
these  points  will,  in  the  revolution  of  MP  and  INIQ,  generate  the 
same  circumference;  hence  the  two  surfaces  must  be  identical. 
The  surface  having  two  generations  by  different  straight  lines. 


Fig.  75.  —  Hyperboloid  of  Revolution  of  one 
Nappe,  showing  Double  Generation. 
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it  follows  that  through  any  point  of  the  surface  two  rectilinear 
elements  can  he  draivn. 

171.  Proof  that  this  surface  is  a  hyperboloid  of  one  nappe. 
Since  the  points  E  and  G  generate  the  same  circumference,  it 

follows  that  as  ]MP  revolves,  MQ  remaining  fixed,  the  point  E 
will,  at  some  time  of  its  motion,  coincide  with  G,  and  the  gen- 
eratrix, MP,  intersect  MQ  in  G.  In  the  same  way  any  other 
point,  as  F,  will  come  into  the  point  K  of  ^SIQ,  giving  another 
element  of  the  first  generation,  intersecting  MQ  at  K  ;  and  so 
for  each  of  the  points  of  ]\1P  in  succession.  In  this  case  kl  will 
be  the  horizontal  projection  of  the  element  of  tlie  first  genera- 
tion. Hence,  if  the  generatrix  of  either  generation  remains  fixed^ 
it  will  intersect  all  the  elements  of  the  other  generation. 

If,  then,  any  three  elements  of  either  generation  be  taken  as 
directrices,  and  an  element  of  the  other  generation  be  moved  so 
as  to  touch  them,  it  will  generate,  the  surface.  It  is  there- 
fore a  hyperboloid  of  one  nappe  (Art.  158). 

A  hyperboloid  of  revoltition  of  one  nappe  may  thus  be  gen- 
erated by  moving  a  straight  line  so  as  to  touch  three  other  straight 
lines,  equally  distant  from  a  fourth  (the  axis),  the  distances 
being  measured  in  the  same  plane  perpendicular  to  the  fourth, 
and  the  directrices  making  equal  angles  with  this  plane. 

172.  To  represent  the  surface  when  the  first  position  of  the 
generatrix  is  not  parallel  to  V,  the  circle  of  the  gorge  may  be 
constructed  thus :  Let  WZ  be  the  first  position  of  the  genera- 
trix, and  through  c  draw  cz  perpendicular  to  ivz  :  it  will  be  the 
horizontal  projection  of  the  radius  of  the  required  circle.  The 
point,  of  which  z  is  the  horizontal  projection,  is  vertically  pro- 
jected at  z\  and  mzx  will  be  the  horizontal,  and  y'z'x'  the  verti- 
cal projection  of  the  circle  of  the  gorge.  With  <?  as  a  center 
and  cw  as  a  radius  (w  being  the  horizontal  piercing  point  of 
the  line),  describe  the  base  pwq,  and  the  surface  will  be  fully 
represented. 
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173.  To  construct  a  meridian  curve  of  this  surface,  we  pass  a 
plane  through  the  axis  parallel  to  the  vertical  plane.  It  will  in- 
tersect the  horizontal  circles  generated  by  the  different  points 
of  the  generatrix  in  points  of  the  required  curve,  which  will  be 
vertically  projected  into  a  curve  equal  to  itself  (Art.  58). 

Thus  the  horizontal  plane  whose  vertical  trace  is  e'g'  intersects 
the  generatrix  in  E,  and  eo  is  the  horizontal  projection  of  the 
circle  generated  by  this  point,  and  O  is  the  point  in  which  this 
circle  pierces  the  meridian  plane.  In  the  same  way  the  points 
whose  vertical  projections  are  n',  x\  7i\.  o\,  etc.,  are  determined. 

174.  Proof  that  the  meridian  curve  is  a  hyperbola.  The  plane 
whose  vertical  trace  is  e\  o\  at  the  same  distance  from  y'x' 
as  e'o\  evidently  determines  a  point  o'j,  at  the  same  distance 
from  y'x'  as  o' ;  hence  the  chord  o'o'-^  is  bisected  by  y'x\  and 
the  curve  o'x'o'-^  is  symmetrical  with  the  line  y'x'. 

The  distance  e'o',  equal  to  ce  —  wie,  is  the  difference  between 
the  hypotenuse  ce  and  base  me  of  a  right-angled  triangle 
having  the  altitude  mc.  As  the  point  o'  is  further  removed 
from  x',  the  altitude  of  the  corresponding  triangle  remains  the 
same,  while  the  hypotenuse  and  base  both  increase.  If  we  de- 
note the  altitude  by  a,  and  the  base  and  hypotenuse  by  h  and  h 
respectively,  we  have 

A2  _  J2  =  a\   and  7i~h  =  -^, 
h  +  h 

from  which  it  is  evident  that  the  difference  e'o'  continually 
diminishes  as  the  point  o'  recedes  from  x' ;  that  is,  the  curve 
x'n'o'  continually  approaches  the  lines  p'm'  and  q'm',  and  will 
touch  them  at  an  infinite  distance.  These  lines  are  then 
asymptotes  to  the  curve  (Art.  69). 

If,  now,  any  element  of  the  first  generation,  as  the  one  pass- 
ing through  I,  be  drawn,  it  will  intersect  the  element  of  the 
second  generation  MQ  in  R,  and  the  corresponding  element 
on  the  opposite  side  of  the  circle  of  the  gorge  in  U. 
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Since  this  element  has  but  one  point  in  common  with  the 
meridian  cutve,  and  no  point  of  it  or  of  the  surface  can  be 
vertically  projected  on  the  right  of  this  curve,  the  vertical 
projection  u'r'  must  be  tangent  to  the  curve  at  i' .  But  since 
ri  is  equal  to  tw,  r'i'  must  be  equal  to  i'u'^  or  the  part  of  the 
tangent  included  between  the  asymptotes  is  bisected  at  the 
point  of  contact.  This  is  a  property  peculiar  to  the  hyper- 
bola, and  the  meridian  curve  is  therefore  a  hyperbola ;  YX 
being  its  transverse  axis,  and  the  axis  of  the  surface  its  con- 
jugate (Art.  69).  If  this  hyperbola  be  revolved  about  its  con- 
jugate axis,  it  will  generate  the  surface  (Art.  165};  hence  its 
name. 

This  is  the  only  warped  surface  of  revolution. 

175.  Proposition  XLIII.  A  plane  tangent  to  a  surface  of 
revolution  is  perpendicular  to  the  meridian  plane  passing  through 
the  point  of  contact.  For  this  tangent  plane  contains  the  tan- 
gent to  the  circle  of  the  surface  at  this  point  (Art.  86),  and 
this  tangent  is  perpendicular  to  the  radius  of  this  circle,  and 
also  to  a  line  drawn  through  the  point  parallel  to  the  axis,  since 
it  lies  in  a  plane  perpendicular  to  the  axis;  and  therefore  it 
is  perpendicular  to  the  plane  of  these  two  lines,  which  is  the 
meridian  plane. 

176.  Pkoblem  57.  To  pass  a  plane  tangent  to  a  hyperboloid 
of  revolution  of  one  nappe  at  a  given  point  of  the  surface. 

Let  ]MP,  Fig.  TO,  be  one  position  of  the  generatrix,  and  o 
the  horizontal  projection  of  the  given  jDoint  on  the  surface. 

Analysis.  Since  through  the  given  point  two  rectilinear 
elements  can  be  drawn  (Art.  170),  we  have  simply  to  construct 
these  two  elements,  and  pass  a  plane  through  them  (Art.  142) . 

Construction.  The  point  M  is  tlie  nearest  to  the  axis.  It 
therefore  generates  the  gorge  circle,  horizontally  projected  in 
mzs^  and  vertically  projected  in  a  straight  line  tlirough  m' 
parallel  to  the  ground  line  (Art.  172).      The  horizontal  pierc- 
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Fig.  76. 


ing  point  p  generates  the  circle  of  the  base.  Now  from  the 
nature  of  the  surface  it  is  evident  that  o  is  the  horizontal  pro- 
jection of  two  points  of  the  surface  —  one  below,  and  one  above 
the  gorge.  In  this  problem  we  will  consider  O  to  be  the 
point   below   the   gorge.     If   we  revolve  ]\IP    about    the    axis 
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until  it  contains  the  point  O,  it  will  take  the  position  ws,  w's'. 
This  is  then  the  element  of  the  first  generation  through  O  (Art. 
169),  and  zr,  z'r'  will  be  the  element  of  the  second  generation 
(Art.  170).  These  elements  pierce  H  at  w  and  r,  and  wr  is 
the  horizontal  trace  of  the  required  plane,  and  e'v'  its  vertical 
trace. 

Under  the  assumption  that  the  point  O  is  above  the  gorge, 
where  wall  the  elements  of  the  first  and  second  generations 
pierce  H?  Let  the  student  construct  the  vertical  projections 
of  the  elements  and  the  traces  of  the  tangent  plane. 

Since  the  meridian  plane  through  O  must  be  perpendicular 
to  the  tangent  plane  (Art.  175),  its  trace  ex  must  be  perpen- 
dicular to  wr. 


Fig.  77.  —  Hyperboloids  of  Revolution  Tangent  along  a  Rectilinear  Element. 

The  hyperboloid  of  revolution  of  one  nappe  is,  for  the  sake 
of  brevity,  sometimes  called  the  hypoid.  It  is  of  importance 
in  connection  with  the  design  and  construction  of  skew  bevel 
gears.     For  a  further  discussion  of  the  properties  of  this  sur- 
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face,  see  Rankine's  Machinery  and  Millwork,  Arts.  84  and  10(j, 
and  McCord's  Kinematics  of  Macliinery,  Arts.  151-170,  378 
and  379. 

Ex.  121.  Given  the  axis  of  a  hyperboloid  of  revolution  of 
one  nappe,  perpendicular  to  H,  and  any  position  of  the  gen- 
erating line, 

(a)    Construct  the  horizontal  trace  of  the  surface. 

(h)    Construct  the  projections  of  the  gorge  circle. 

(c)  Construct  the  element  MN  through  any  point,  X,  of  the 
surface  whose  horizontal  projection  is  given,  it  being  assumed 
that  the  point  is  above  the  gorge  circle. 

(c?)  Construct  the  element  OP  through  any  point,  Z,  of  the 
surface,  whose  vertical  projection  is  given,  it  being  assumed 
that  the  point  is  on  that  part  of  the  surface  nearer  V. 

(e)  Construct  the  element  RS,  of  the  second  generation, 
through  X  or  Z. 

(/)  Construct  the  vertical  projection  of  the  meridian  curve 
parallel  to  V. 

(^)  Pass  a  plane,  T,  tangent  to  the  surface  at  the  point 
X  or  Z. 

(A)  Assume  a  straight  line,  EF,  and  find  the  point,  D,  in 
which  the  surface  is  pierced  by  the  line. 

(^)  Pass  a  plane  S  through  the  line  EF  and  tangent  to  the 
surface. 

0')  Pass  a  plane  U  tangent  to  the  surface  and  parallel  to 
an  assumed  plane  W,  and  find  the  point  of  tangency,  C. 
(For  a  hint,  see  Art.  155.) 

(yt)  Construct  the  curve  of  intersection  with  an  oblique 
plane,  a  cylinder,  cone,  convolute,  any  warped  surface  with 
plane  directer,  any  warped  surface  with  three  linear  directrices, 
or  a  helicoid. 

(Z)  Construct  a  line  tangent  to  the  curve  of  intersection 
at  an  assumed  point  on  the  curve. 
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Double-Curved  Surfaces  of  Revolution 

177.  The  most  simple  double-curved  surfaces  of  revolution 
are: 

I.  A  spherical  surface^  or  sphere,  which  may  be  generated 
by  revolving  the  circumference  of  a  circle  about  its  diameter. 

II.  An  ellipsoid  of  revolution,  or  spheroid,  which  may  be 
generated  by  revolving  an  ellipse  about  either  axis.      When 

the  ellipse  is  revolved  about 
the  transverse  axis,  the  sur- 
face is  a  prolate  spheroid; 
when  about  the  conjugate 
axis,  an  oblate  spheroid. 

III.  A  paraboloid  of  revo- 
lution, which  may  be  genera- 
ted by  revolving  a  parabola 
about  its  axis. 

IV.  A  hyperboloid  of  rev- 
olution of  two  nappes,  which 
may  be  generated  by  revolv- 
ing a  hyperbola  about  its 
transverse  axis. 

V.  A  torus,  which  may 
be  generated  by  revolving 
a  circumference  about  a  line 
in  the  plane  of  and  outside 
the  circumference. 

178.  These  surfaces  of  revolution  are  usually  represented 
by  taking  the  horizontal  plane  perj)endicular  to  the  axis,  and 
then  drawing  the  intersection  of  the  surface  with  the  hori- 
zontal plane;  or  by  taking  the  horizontal  projection  of  the 
greatest  horizontal  circle  of  the  surface  for  the  horizontal 
projection,    and    then    projecting    on    the    vertical    plane  the 


Fig.  78.  — Torus. 
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meridian  line  which  is  parallel  to  that  plane  for  the  vertical 
projection. 

179.  To  assume  a  point  on  a  surface  of  revolution,  we  first 
assume  either  projection  as  the  horizontal,  and  erect  a  perpen- 
dicular to  the  horizontal  plane.  Through  this  perpendicular 
pass  a  meridian  plane ;  it  will  cut  from  the  surface  a  meridian 
line  which  will  intersect  the  perpendicular  in  the  required 
point  or  points. 

Construction.  Let  the  surface  be  a  prolate  spheroid,  Fig. 
79,  and  let  e  be  the  horizontal,  and  c'd'  the  vertical  projec- 
tion of  the  axis,  mon  the  horizontal  projection  of  its  largest 
circle,  and  d'm'c'n'  the  vertical  projection  of  the  meridian 
curve  parallel  to  the  vertical  plane,  and  let  p  be  the  assumed 
horizontal  projection ;  p  will  be  the  horizontal,  and  s'p'  the 
vertical  projection  of  the  perpendicular  to  H ;  cp  will  be  the 
horizontal  trace  of  the  auxiliary  meridian  plane.  If  this  plane 
be  now  revolved  about  the  axis  until  it  becomes  parallel  to  the 
vertical  plane,  p  will  describe  the  arc  pp-^,  and  p^  will  be  the 
horizontal,  and  p\q\  the  vertical  projection  of  the  revolved 
position  of  the  perpendicular.  The  meridian  curve,  in  its 
revolved  position,  will  be  vertically  projected  into  its  equal 
d'm'c'n\  and  p\  and  q\  will  be  the  vertical  projections  of  the 
two  points  of  intersection  in  their  revolved  position.  When 
the  meridian  plane  is  revolved  to  its  primitive  position,  these 
points  will  describe  the  arcs  of  horizontal  circles,  projected  on 
H  in  p^p,  and  on  V  in  p\p''  and  q\q\  and  p'  and  q'  will  be  the 
vertical  projections  of  the  two  points  of  the  surface  horizontally 
projected  in  p. 

Let  the  student  assume  the  vertical  projection  of  a  point  on 
the  surface,  and  find  its  horizontal  projection. 

Also  let  the  student  represent  a  point  on  the  surface  of  the 
torus.  Fig.  78,  taking  the  horizontal  projection  about  an  eighth 
of  an  inch  from  the  inner  circle. 
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Problems  relating  to   Planes  Tangent  to    Surfaces 
OF  Revolution 

180.  These  problems  are,  in  general,  solved  either  by  a  direct 
application  of  the  rule  in  Art.  86,  taking  care  to  intersect  the 
surface  by  planes,  so  as  to  obtain  the  two  simplest  curves  of 
the  surface  intersecting  at  the  point  of  contact,  or  by  means  of 
more  simple  auxiliary  surfaces  tangent  to  the  given  surface. 

181.  Problem  58.  To  pass  a  plane  tangent  to  a  sphere  at  a 
given  point. 

Analysis.  Since  the  radius  of  the  sphere,  drawn  to  the  point 
of  contact,  is  perpendicular  to  the  tangent  to  any  great  circle 
at  this  point,  and  since  these  tangents  all  lie  in  the  tangent 
plane  (Art.  86),  this  radius  must  be  perpendicular  to  the  tangent 
plane.  We  have  then  simpl}^  to  pass  a  plane  perpendicular  to 
this  radius  at  the  given  point,  and  it  will  be  the  required  plane. 

Construction.  Let  the  point  be  assumed  as  in  Art.  179,  and 
the  plane  passed  as  in  Art.  4-1.  The  construction  is  left  for  the 
student. 

182.  Problem  59.  To  pass  a  plane  tangent  to  any  surface 
of  revolution  at  a  given  point. 

Let  the  surface  be  given  as  in  Art.  179,  Fig.  79,  and  let  P 
be  the  point. 

Analysis.     If  at  the  given  point  we  draw  a  tangent  to  the 
meridian  curve  of  the  surface,  aud  a  second  tangent  to  the  cir 
cle  of  the  surface  at  this  point,  the  plane  of  these  two  lines 
will  be  the  required  plane  (Art.  86). 

Construction.  Through  P  pass  a  meridian  plane ;  cp  will  be 
its  horizontal  trace.  Revolve  this  plane  about  the  axis  of  the 
surface  until  it  is  parallel  to  V.  Pj  will  be  the  revolved 
position  of  the  point  of  contact.  At  p\  draw  p>\y'  tangent  to 
c'n'd'm'  (Art.  67).  It  will  be  the  vertical  projection  of  the 
revolved  position  of   a  tangent  to  the  meridian  curve  at   P. 
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Fig.  79. 

When  the  plane  is  revolved  to  its  primitive  position,  the  point, 
of  which  y'  is  the  vertical  projection,  remains  fixed,  and  y'f' 
will  be  the  vertical  projection  of  the  tangent,  and  cp  its  hori- 
zontal projection.  It  pierces  H  at  .t,  one  point  of  the  horizon- 
tal trace  of  the  required  plane,    i^])^  is  the  horizontal,  and  p'  'p\ 
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the  vertical  projection  of  an  arc  of  the  circle  of  the  surface  con 
taining  P.  At  p  draw  pu  perpendicular  to  ep.  It  will  be  the 
horizontal  projection  of  the  tangent  to  the  circle  at  P,  and  p'u' 
is  its  vertical  projection.  This  pierces  V  at  w',  a  point  of  the 
vertical  trace.  Through  x  draw  xT  parallel  to  pu,  and  through 
u'  draw  u'T ;  these  will  be  the  traces  of  the  required  plane. 

By  the  same  method  we  may  pass  a  plane  tangent  to  any 
other  surface  of  revolution  at  a  given  point. 

Since  the  tangent  plane  and  horizontal  plane  are  both  per- 
pendicular to  the  meridian  plane  through  the  point  of  contact, 
their  intersection,  which  is  the  horizontal  trace,  will  be  perpen- 
dicular to  the  meridian  plane  and  to  its  horizontal  trace. 

While  at  a  given  point  on  a  double-curved  surface  only  one 
tangent  plane  can  be  passed,  it  may  be  proved,  as  in  Art.  162, 
that  from  a  point  without  the  surface  an  infinite  number  of 
such  planes  can  be  passed. 

183.  Problem  60.  To  pass  a  plane  through  a  given  straight 
line  and  tangent  to  a  sphere. 

Analysis.  Conceive  the  sphere  to  be  circumscribed  by  a 
cylinder  of  revolution  whose  axis  is  parallel  to  the  given  line. 
The  line  of  contact  will  be  the  circumference  of  a  great  circle 
whose  plane  is  perpendicular  to  the  axis  and  to  the  given  line. 
A  plane  through  the  straight  line  tangent  to  this  cylinder  will 
be  tangent  also  to  the  sphere.  The  plane  of  the  circle  of  con- 
tact will  intersect  the  given  line  in  a  point,  and  the  required 
tangent  plane  in  a  straight  line  drawn  from  this  point  tangent 
to  the  circle.  The  plane  of  this  tangent  and  the  given  line 
will  be  the  required  plane.  Without  constructing  the  cylinder, 
we  have  then  simply  to  pass  a  plane  through  the  center  of  the 
sphere  perpendicular  to  the  given  line,  andfroyn  the  point  in  ivhick 
it  intersects  the  line,  to  draiv  a  tangent  to  the  circle  cut  from,  the 
sphere  hy  the  same  plane,  and  pass  a  plane  through  this  tangent 
and  the  tiiven  line. 
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Construction.  The  student  will  assume  a  sphere  and  an 
oblique  line  outside  the  sphere,  and  make  the  construction  in 
accordance  with  the  above  analysis. 

184.  Problem  61.  To  pass  a  plane  through  a  given  straight 
line  and  tangent  to  any  surface  of  revolution. 

Let  the  horizontal  plane  be  taken  perpendicular  to  the  axis, 
of  which  (?,  Fig.  80,  is  the  horizontal,  and  c'd'  the  vertical,  pro- 
jection. Let  poq  be  the  intersection  of  the  surface  by  the  hori- 
zontal plane,  p'd'q'  the  vertical  projection  of  the  meridian  curve 
parallel  to  the  vertical  plane,  and  MN  the  given  line. 

Analysis.  If  this  line  revolve  about  the  axis  of  the  surface, 
it  will  generate  a  hyperboloid  of  revolution  of  one  nappe  (Art. 
168),  having  the  same  axis  as  the  given  surface.  If  we  now 
conceive  the  plane  to  be  passed  through  the  line  tangent  to  the, 
surface,  it  will  also  be  tangent  to  the  hyperboloid  at  a  point  of 
the  given  straight  line  (Art.  141);  and  since  the  meridian  plane 
through  the  point  of  contact  on  each  surface  must  be  perpen- 
dicular to  the  common  tangent  plane  (Art.  175),  these  merid- 
ian planes  must  form  one  and  the  same  plane.  This  plane  will 
cut  from  the  given  surface  a  meridian  curve,  from  the  hyper- 
boloid a  hyperbola  (Art.  174),  and  from  the  tangent  plane 
a  straight  line  tangent  to  these  curves  at  the  required  points  of 
contact  (Art.  86).  The  plane  of  this  tangent  and  the  given 
line  will  therefore  be  the  required  plane. 

Construction.  Construct  the  hyperboloid,  as  in  Arts.  172  and 
173.  yx  will  be  the  horizontal,  and  x'y'w'  the  vertical,  projec- 
tion of  one  branch  of  the  meridian  curve  parallel  to  V.  If  the 
meridian  plane  through  the  required  points  of  contact  be 
revolved  about  the  common  axis  until  it  becomes  parallel  to  V, 
the  corresponding  meridian  curves  will  be  projected,  one  into 
the  curve  p'd'q',  and  the  other  into  the  hyperbola  x'y'w'.  Tangent 
to  these  curves  draw  x'r'\  X  will  be  the  revolved  position  of  the 
point  of  contact  on  the  hyperbola  (found  as  in  Art.  69),  and  R 
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that  on  the  meridian  curve  of  the  given  surface  (Art.  67).  When 
the  meridian  plane  is  revolved  to  its  true  position,  X  will  be 
horizontally  projected  in  mn  at  s  ;  sc  will  be  the  horizontal  trace 


Fig.  80. 


of  the  meridian  plane,  and  u  will  be  the  horizontal,  and  u'  the 
vertical,  projection  of  the  point  of  contact  on  the  given  surface. 
A  plane  through  this  point  and  MX  will  be  the  tangent  plane. 
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185.  In  general,  through  a  given  straiglit  line  a  limited  num- 
ber of  planes  only  can  be  passed  tangent  to  a  double-curved  sur- 
face. For  let  the  surface  be  intersected  by  a  system  of  planes 
parallel  to  the  given  line,  and  tangents  be  drawn  to  the  sections 
also  parallel  to  the  line.  These  will  form  a  cylinder  tangent  to 
tlie  surface.  Any  plane  through  the  straight  line  tangent  to 
this  cylinder  will  be  tangent  to  the  surface;  and  the  number  of 
tangent  planes  will  be  determined  by  the  number  of  tangents 
which  can  be  drawn  from  a  point  of  the  given  line  to  a  section 
made  by  a  plane  through  this  point. 

Intersection  of  Surfaces  of  Revolution  with 
Other  Surfaces 

186.  Problem  62.  To  find  the  intersection  of  any  surface  of 
revolution  by  a  plane. 

Let  the  surface  be  a  hyperboloid  of  revolution  of  one  nappe 
given  as  in  Fig.  81,  and  let  T  be  the  cutting  plane. 

Analysis.  If  a  meridian  plane  be  passed  perpendicular  to  the 
cutting  plane,  it  will  intersect  it  in  a  straight  line,  which  will 
divide  the  curve  symmetrically,  and  be  an  axis.  If  the  points 
in  which  this  line  pierces  the  surface  be  found,  these  will  be  the 
points  on  the  axis  of  symmetry  of  the  curve.  Now  intersect  by 
a  system  of  planes  perpendicular  to  the  axis  of  the  surface;  each 
plane  will  cut  from  the  surface  a  circumference,  and  from  the 
given  plane  a  straight  line,  the  intersection  of  which  will  be 
points  of  the  required  curve. 

Construction.  To  find  the  points  on  the  axis  of  symmetry, 
draw  en  perpendicular  to  HT ;  it  will  be  the  horizontal  trace 
of  the  auxiliary  meridian  plane.  This  plane  intersects  T  in 
the  straight  line  NO  (Art.  40),  and  the  surface  in  a  meridian 
curve  which  is  intersected  by  NC  in  the  two  vertices  of  the 
required  curve. 

To  find  these  points,  revolve  the  meridian  plane  about  the 


164 


PART  I 


axis  until  it  becomes  parallel  to  V.  The  meridian  curve  will 
be  vertically  projected  into  the  hyperbola  which  limits  the 
vertical  projection  of  the  surface  (Art.  58),  and  the  line  NC 
into  d' c' .     The  points  s'  and  r'  will  be  the  vertical  projections 


Fig.  81. 

of  the  revolved  positions  of  the  vertices.  After  the  counter- 
revolution, these  points  are  horizontally  projected  at  k  and  Z, 
and  vertically  at  k'  and  /'. 

To  find  the  points  in  which  the  vertical  projection  of  the  curve 
of  intersection  is  tangent  to  the  contour  line  of  the  surface,  use 
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the  meridian  i^laiie  parallel  to  V.  It  cuts  from  the  given  plane 
a  line  horizontally  projected  in  lio  and  vertically  projected  in  a 
line  (not  shown)  parallel  to  YT.  It  cuts  from  the  surface  of 
revolution  the  meridian  curve  whose  vertical  projection  is 
already  drawn.  These  lines  intersect  in  the  points  vv'  and 
oo\  the  required  points  of  tangency. 

To  find  other  points  of  the  curve,  let  e'z'  be  the  vertical  trace 
of  an  auxiliary  plane  perpendicular  to  the  axis.  It  cuts  the 
surface  in  a  circle  horizontally  projected  in  wuz,  and  the  plane 
in  a  straight  line,  which  piercing  V  at  e'  is  horizontally  pro- 
jected in  ez\  hence  U  and  Z  are  points  of  the  curve.  In  the 
same  way  any  number  of  points  may  be  determined. 

The  points  upon  any  particular  circle  may  be  determined  by 
using  the  plane  of  this  circle  as  an  auxiliary  plane.  If  the 
curve  crosses  the  circle  of  the  gorge,  the  points  in  which  it 
crosses  are  determined  by  using  the  plane  of  this  circle,  and 
in  this  case  the  horizontal  projection  of  the  curve  must  be 
tangent  to  the  horizontal  projection  of  the  circle  of  the  gorge, 
at  the  points  x  and  y. 

To  draw  a  tangent  to  the  curve  at  Z,  pass  a  plane  tangent  to 
the  surface  at  Z,  as  in  Art.  1(S2 ;  its  intersection  with  T  will  be 
the  tangent  (Art.  105).  The  curve  may  be  represented  in  its 
true  dimensions  as  in  Art.  110. 

Let  the  intersection  of  an  oblique  plane  with  a  sphere,  an 
ellipsoid  of  revolution,  a  torus,  and  a  paraboloid  of  revolu- 
tion, be  constructed  in  accordance  with  the  principles  given 
above. 

187.  Problem  63.  To  find  the  intersection  of  a  cylinder  and 
a  sphere. 

Analysis.  Intersect  the  surfaces  by  a  system  of  auxiliary 
planes  parallel  to  the  rectilinear  elements  of  the  cylinder  and 
perpendicular  to  the  horizontal  plane  (or  the  plane  of  the  base). 
Each  plane  will  cut  from  the  cylinder  two  rectilinear  elements, 
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and  from  the  sphere  a  circle,  the  intersection  of  wliich  will  be 
points  of  the  required  curve. 

Construction.  Revolve  each  auxiliary  plane  about  its  hori- 
zontal trace  until  it  coincides  with  H.  Find  the  revolved  posi- 
tion of  each  circle  and  of  the  corresponding  pairs  of  elements. 
They  will  intersect  in  points  which,  when  returned  to  their 
primitive  positions,  will  be  points  on  the  required  curve  of 
intersection. 

A  tangent  at  any  point  of  the  curve  may  be  constructed  by 
finding  tlie  intersection  of  two  planes,  one  tangent  to  the 
cylinder  and  one  to  the  sphere  at  that  point,  as  in  Art..  116. 

Let  the  student  assume  an  oblique  cylinder  and  a  sphere 
intersecting  it,  and  solve  the  problem  in  accordance  with  the 
above  method. 

188.  Problem  64.  To  find  the  intersection  of  two  surfaces 
of  revolution  whose  axes  are  in  the  same  plane. 

First,  let  the  axes  intersect  and  let  one  of  the  surfaces  be 
an  ellipsoid  of  revolution  and  the  other  a  paraboloid ;  and 
let  the  horizontal  plane  be  taken  perpendicular  to  the  axis 
of  the  ellipsoid,  and  the  vertical  plane  parallel  to  the  axes; 
(c,  c'd''),  Fig.  82,  being  the  axis  of  the  ellipsoid,  and  {cl,  s'l') 
that  of  the  paraboloid.  Let  the  ellipsoid  be  represented  as 
in  Art.  179  and  let  z'f'r'  be  the  vertical  projection  of  the 
paraboloid. 

Analysis.  Intersect  the  two  surfaces  by  a  system  of  aux- 
iliary spheres  having  their  centers  at  the  point  of  intersection 
of  the  axes.  Each  sphere  will  intersect  each  surface  in  the 
circumference  of  a  circle  perpendicular  to  its  axis  (Art.  166), 
and  the  points  of  intersection  of  these  circumferences  will  be 
points  of  the  required  curve. 

Construction.  With  s'  as  a  center  and  any  radius  s'g-',  de- 
scribe the  circle  q'p'r' ;  it  will  be  the  vertical  projection  of 
an  auxiliary  sphere.     This  sphete  intersects  the  ellipsoid  in 


ORTHOGRAPHIC  PROJECTIONS 


167 


a  circumference  vertically  projected  in  jo'^',  and  horizontally 
in  pxq.     It  intersects  the  paraboloid  in  a  circumference  ver- 


(A  ^'■'- 


\ 


\ 


\ 


tically  projected  in  r'v'.    These  circumferences  intersect  in  two 
points  vertically  projected  at  z',  y',  and  horizontally  at  x  and  y. 
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In  the  same  way  any  number  of  points  may  be  found. 
The  points  on  the  greatest  circle  of  the  ellipsoid  are  found 
by  using  s'n'  as  a  radius.     These  points  are  horizontally  pro- 
jected at  u  and  e,  points  of  tangency  of  xzi/  with  nom. 

The  points  W  and  Z  are  the  points  in  which  the  meridian 
curves  parallel  to  V  intersect,  and  are  points  of  the  required 
curve. 

Each  point  of  the  curve  z'x'tv'  is  the  vertical  projection  of 
two  points  of  the  curve  of  intersection,  one  in  front  and  the 

other  behind  the  plane  of  the 
axes. 

A  tanr/ent  may  he  drawn  to 
the  curve  at  any  point,  as  X, 
as  in  Art.  111. 

Second.  If  the  axes  of  the 
two  surfaces  are  parallel,  the 
construction  is  more  simple, 
as  the  auxiliary  spheres  be- 
come planes  perpendicular  to 
the  axes.  Let  the  construc- 
tion be  made  in  this  case. 

Let  it  be  required  to  find 

the  intersection  between  the 

cylinder    and    the    torus    of 

How  would  the  auxiliary  planes  be  passed? 

124.       Given    a   torus    (Art.    177),    and    the    vertical 


Fig.  83.  —  Intersection  of  Cylinder  and 
Torus.     Pipe  Connection. 


Fig.  ^ 

Ex 
projection  of  a  point  A  on  the  surface. 

(a)  Find  the  horizontal   projection  of  A,  assuming  that  it 
lies  on  the  side  of  the  surface  toward  V. 

(5)  Pass  a  plane  S  tangent  to  the  surface  at  the  x^oint  A. 

(c)  How  would  you  solve  (J)  if  the  surface  were  a  sphere? 

(d)  Pass  a  plane   T  tangent  to  the  torus  and  through  an 
assumed  straight  line,  BC. 
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(e)  How  would  you  solve  (c?)  if  the  surface  were  a  sphere  ? 

(/)  Pass  a  plane,  U,  tangent  to  the  torus  and  perpendicular 
to  the  line  BC. 

(^)  How  would  you  solve  (/)  if  the  surface  were  a  sphere  ? 

Qi)  Assume  the  projections  of  a  curved  line  cutting  the 
surface  of  the  torus,  and  find  the  piercing  points,  P  and  Q. 

(i)  Find  the  curve  of  intersection  of  the  torus  with  a  plane, 
an  oblique  cylinder  or  cone  with,  circular  base,  a  helical  convo- 
lute, a  warped  surface  with  plane  directer  parallel  to  H,  a 
helicoid,  an  ellipsoid  of  revolution  whose  axis  intersects  the 
axis  of  the  torus,  a  paraboloid  of  revolution  whose  axis  is 
parallel  to  the  axis  of  the  torus. 

Problems  relating  to  Trihedral  Angles  —  Graphical 
Solution  of  Spherical  Triangles 

189.  In  the  preceding  articles  we  have  all  the  elementar}^ 
principles  and  rules  relating  to  the  orthographic  projection. 
The  student  who  has  thoroughly  mastered  them  will  have  no 
difficulty  in  their  application. 

Let  this  application  now  be  made  to  the  solution  of  the 
following  simple  problems. 

190.  Problem  65.  Having  given  two  of  the  faces  of  a 
trihedral  angle  and  the  dihedral  angle  opposite  one  of  them,  to 
construct  the  trihedral  angle. 

Let  dsf  and  /sg^,  Fig.  84,  be  the  two  given  faces,  and  A 
the  given  angle  opposite  fse^,  dsf  being  in  the  horizontal 
plane  and  the  vertical  plane  perpendicular  to  the  edge  sf. 

Construct,  as  in  Art.  50,  de' ,  the  vertical  trace  of  a  plane 
whose  horizontal  trace  is  sd  and  which  makes  with  H  the  angle 
A;  sde'  will  be  the  true  position  of  the  required  face.  Re- 
volve fse^  about  sf  until  the  point  e^  comes  into  de'  at  e' . 
This  must  be  the  point  in  which  the  third  edge  in  true  posi- 
tion pierces  V.     Join  ef;  it  will  be  the  vertical  trace  of  the 
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plane  of  the  face  fse^  in  true  position,  and  SE  will  be  the 
third  edge. 

Revolve  sde'  about  sd  until  it  coincides  with  H  ;  e'  falls  at 
^2  (Art.  34),  and  dse,^  is  the  true  size  of  the  third  or  required 
face. 

e'fd  is  the  dihedral  angle  opposite  the  face  dse',  and  pvq, 
determined  as  in  Art.  47,  is  the  dihedral  angle  opposite  dsf. 


191.  Problem  66.  Having  given  two  dihedral  angles  formed 
by  the  faces  of  a  tVihedral  angle,  and  the  face  opposite  one  of 
them,  to  construct  the  angle. 

Let  A  and  B,  Fig.  85,  be  the  two  dihedral  angles,  and  dse^ 
the  face  opposite  B. 

Make  e'df  equal  to  A.  Revolve  dse^  about  ds  until  e^  comes 
into  de'  at  e'.  This  will  be  the  point  where  the  edge  se^  in 
true  position  pierces  V,  and  SE  will  be  this  edge. 
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Draw  e'm^  making  e'me  equal  to  B,  and  revolve  e'm  about 
e'e ;  it  vk^ill  generate  a  right  cone  whose  rectilinear  elements  all 
make  with  H  an 
angle  equal  to  B. 
Through  s  pass  the 
plane  sfe'  tangent 
to  this  cone  (Art. 
100).  It,  with  the 
faces  fsd  and  sde\ 
will  form  the  re- 
quired angle. 

fse-^  is  the  true 
size  of  the  face 
opposite  A,  e^  being 
the  revolved  posi- 
tion   of    e',    deter- 

•       »         n  ,  Fig.  85. 

mmed  as  in  Art.  34, 

and  the  third  dihedral  angle  formed  by  e'fs  and  e'ds  may  be 

found  as  in  Art.  47. 

192.  Problem  67.  Given  two  faces  of  a  trihedral  angle  and 
their  included  dihedral  angle,  to  construct  the  angle. 

Let  dse^  and  dsf,  Fig.  86,  be  the  two  given  faces  and  A  the 
given  angle. 

Make  e'df  equal  to  A.  de'  will  be  the  vertical  trace  of  the 
plane  of  the  face  dse^  in  its  true  position.  Revolve  di^e^^  about 
sd  until  ^2  comes  into  de'  at  g',  the  point  where  the  edge 
8^2  ii^i  ti'U6  position  pierces  V.  Draw  e'f.  It  is  the  vertical 
trace  of  the  plane  of  the  third  or  required  face,  and  fse^  is 
its  true  size. 

eoe^  (Art.  49)  is  the  dihedral  angle  opposite  e\U,  and  the 
third  dihedral  angle  can  be  found  as  in  Art.  47. 

193.  Problem  68.  Given  one  face  and  the  two  adjacent  dihe- 
dral angles  of  a  trihedral  angle,  to  construct  the  angle. 
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Let  dsf,  Fig.  86, 
be  the  given  face, 
and  A  and  B  the 
two  adjacent  dihe- 
dral angles. 

Make  e'dfeqwdl  to 
A.  Construct  as  in 
Art.  50,  fe',  the  ver- 
tical trace  of  a  plane 
s-^e\  making  with  H 
an  angle  equal  to  B. 
SE  will  be  the  third 
edge,  dse^  and  foe-^ 
P^^  g^,  "  the  true  size  of  the 

other  faces,  and  the 

third  dihedral  angle  is  found  as  in  Art.  47. 
194.    Problem  69.    Given  the  three  faces  of  a  trihedral  angle, 

to     construct     the  ___ 

angle.  ^^''"  ~"\ 

Let  dse^,  dsf,  and 

/sej,  Fig.  87,  be  the 

three  given  faces, 

sd  and  sf  being  the 

two   edges  in   the 

horizontal  plane. 
Make    sgj  equal 

to    se^.       Revolve 

the  face  fse^  about 

fs ;  gj  describes  an 

arc  whose  plane  is 

perpendicular  to  H 

(Art.  34),  of  which 

e^e  is  the  horizontal  and  ee'  the  vertical  trace.     Also  revolve 


Fig.  87 
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dse^  about  ds ;  e^  describes  an  arc  in  the  vertical  plane.  These 
two  arcs  intersect  at  e';  the  point  where  the  third  edge  pierces 
V,  and  SE  is  this  edge. 

Join  e'd  and  e'f.  These  are  the  vertical  traces  of  the  planes 
of  the  faces  dse^  and/sgj  in  true  position.  The  dihedral  angles 
may  now  be  found  as  in  the  preceding  articles. 


195.  Problem  70.  Given  the  three  dihedral  angles  formed 
by  the  faces  of  a  trihedral  angle,  to  construct  the  angle. 

Let  A,  B,  and  C,  Fig.  88,  be  the  dihedral  angles. 

Make  e'df  equal  to  A.  Draw  ds  perpendicular  to  the  ground 
line  and  take  e'ds  as  the  plane  of  one  of  the  faces.  If  we  now 
construct  a  plane  which  shall  make  with  H  and  e'ds  angles 
respectively  equal  to  B  and  C,  it,  with  these  planes,  will  form 
the  required  trihedral  angle. 

To  do  this  :  with  d  as  a.  center  and  any  radius  as  dm,  describe 
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a  sphere;  mn'q  will  be  its  vertical  projection.  Tangent  to 
mn'q  draw  o'u,  making  o'wtZ  equal  to  B,  and  revolve  it  about  o'd. 
It  will  generate  a  cone  whose  vertex  is  o\  tangent  to  the  sphere, 
and  all  of  whose  rectilinear  elements  make  with  H  an  angle 
equal  to  B. 

Also  tangent  to  m^i'q  draw  p'r\  making  with  de'  an  angle 
equal  to  C,  and  revolve  it  about  p'd.  It  will  generate  a  cone 
whose  vertex  is  p\  tangent  to  the  sphere,  and  all  of  whose  rec- 
tilinear elements  make  with  the  plane  sde'  an  angle  equal  to  C. 
If  now  through  o'  and  p'  a  plane  be  passed  tangent  to  the  sphere, 
it  will  be  tangent  to  both  cones  and  be  the  plane  of  the  required 
third  face,  p^'^'  i^  ^^^  vertical  trace  of  this  plane,  and  fs  tan- 
gent to  the  base  uxy  is  the  horizontal  trace,  SE  is  the  third 
edge,  and  dsf^  dse^,  and  fse-^  the  three  faces  in  true  size. 

196.  By  a  reference  to  Spherical  Trigonometry,  it  will  be 
seen  that  the  preceding  six  problems  are  simple  constructions 
of  the  required  parts  of  a  spherical  triangle  when  any  three 
are  given.  Thus  in  Problem  65,  two  sides  a  and  e,  and  an  angle 
A  opposite  one^  are  given,  and  the  others  constructed.  In  Prob- 
lem QQ,  two  angles  A  and  B  and  a  side  b,  opposite  one,  are  given, 
etc. 

197,  Problem  71.  To  construct  a  triangular  pyramid,  hav- 
ing given  the  base  and  the  three  lateral  edges. 

Let  cde,  Fig.  89,  be  the  base  in  the  horizontal  plane,  the 
ground  line  being  taken  perpendicular  to  cd,  and  let  eS,  dS, 
and  eS  be  the  three  edges.  With  c  as  a  center  and  <?S  as  a 
radius,  describe  a  sphere,  intersecting  H  in  the  circle  mon. 
The  required  vertex  must  be  in  the  surface  of  this  sphere. 
With  d  as  a  center  and  dS  as  a  radius,  describe  a  second  sphere, 
intersecting  H  in  the  circle  qmp.  The  required  vertex  must 
also  be  on  this  surface.  These  two  spheres  intersect  in  a  circle 
of  which  mn  is  the  horizontal  and  m's'n'  the  vertical  projection 
(Art.  166).     With  e  as  a  center  and  eS  as  a  radius,  describe  a 
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third  sphere,  intersecting  the  second  in  a  circle  of  which  qp  is 
the  horizontal  projection.  These  two  circles  intersect  in  a 
straight  line  perpendicular  to  H  at  «,  and  vertically  projected 
in  r's'.  This  line  intersects  the  first  circle  in  S,  which  must  he 
a  point  common  to  the  three  spheres,  and  therefore  the  vertex 


of  the  required  pyramid.  Join  S  with  C,  D,  and  E,  and  we 
have  the  lateral  edges,  in  true  position. 

198.  Problem  72.  To  circumscribe  a  sphere  about  a  trian- 
gular pyramid. 

Let  mm.  Fig.  90,  be  the  base  of  the  pyramid  in  the  horizontal 
plane,  and  S  its  vertex. 

Analysis.  Since  each  edge  of  the  pyramid  must  be  a  chord 
of  the  required"  sphere,  if  any   edge   be   bisected    by  a  plane 
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perpendicular  to  it,  this  plane  will  contain  the  center  of  the 
sphere.  Hence,  if  three  such  planes  be  constructed  intersecting 
in  a  point,  this  must  be  the  required  center,  and  the  radius 

will  be  the  straight 
line  joining  the  cen- 
ter with  the  vertex 
of  any  trihedral 
angle. 

Construction.  Bi- 
sect mn  and  no^  by 
the  perpendiculars 
re  and  j^c.  These 
will  be  the  hori- 
zontal traces  of  two 
bisecting  and  per- 
pendicular planes. 
They  intersect  in  a 
straight  line  per- 
pendicular to  H  at 
c.  Through  U,  the 
middle  point  of  SO, 
pass  a  plane  perpen- 
dicular to  it  (Art. 
44).  T  is  this  plane. 
It  IS  pierced  by  the 
perpendicular  (<?,  dc'^  at  C,  which  is  the  intersection  of  the  three 
bisecting  planes,  and  therefore  the  center  of  the  required  sphere. 
CO  is  its  radius,  tlie  true  length  of  wdiich  is  c'<\  (Art.  26). 

With  c  and  c'  as  centers,  and  with  e'o\  as  a  radius,  describe 
circles.  They  will  be,  respectively,  the  horizontal  and  vertical 
projections  of  the  sphere. 

199.  Problem  73.  To  inscribe  a  sphere  in  a  given  triangular 
pyramid. 
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Let  the  pyramid  S-mno,  Fig.  91,  be  given  as  in  the  preceding 
problem. 

Analysis.  The  center  of  the  required  sphere  must  be  equally 
distant  from  the  four  faces  of  the  pyramid,  and  therefore  must 
be  in  a  plane  bi- 
secting the  dihe- 
dral angle  formed 
by  either  two  of 
its  faces.  Hence, 
if  we  bisect  three 
of  the  dihedral 
angles  b}-  planes 
intersecting  in  a 
point,  this  point 
must  be  the  center 
of  the  required 
sphere,  and  the 
radius  will  be 
the  distance  from 
the  center  to  any 
face. 

Const  r  u  ctio  n. 
Find  the  angle 
sps^  made  by  the 
face    Son   with    H 

(Art.  49).  Bisect  this  by  the  line  j3m,  and  revolve  the  plane 
sps^  to  its  true  j^osition.  The  line  pii^  in  its  true  position,  and 
on  will  determine  a  plane  bisecting  tlie  dihedral  angle  spSy 
In  the  same  Avay  determine  the  planes  bisecting  the  dihedral 
angles  srs^,  sqs^.  These  planes,  with  the.  base  mno,  form  a 
second  pyramid,  the  vertex  of  which  is  the  intersection  of  the 
three  planes,  and  therefore  the  required  center. 

Intersect  this  pyramid  by  a  plane  parallel  to  H,  whose  ver- 
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tical  trace  is  t'y'.  This  plane  intersects  the  faces  in  lines 
parallel  to  mn^  no,  and  om  respectively.  These  Knes  form  a  tri- 
angle whose  vertices  are  in  the  edges.  To  determine  these  lines, 
lay  off  pv  equal  to  i/'w'i  draw  vz  parallel  to  ps.  z  will  be  the 
revolved  position  of  the  point  in  which  the  parallel  plane  inter- 
sects pu  in  its  true  position.  2^  is  the  horizontal  projection  of 
this  point,  and  z-^i/  of  the  line  parallel  to  no.  In  the  same  way 
ty  and  tx  are  determined.  Draw  ox  and  ni/;  they  will  be  the 
horizontal  projections  of  two  of  the  edges.  These  intersect  in 
c,  the  horizontal  projection  of  the  vertex,  n'l/'  is  the  vertical 
projection  of  the  edge  which  pierces  H  at  n,  <?'  the  vertical  pro- 
jection of  the  center,  and  c'd'  the  radius. 

With  c  and  c'  as  centers,  describe  circles  with  c'd'  as  a 
radius.  They  will  be  the  horizontal  and  vertical  projections 
of  the  required  sphere. 
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California  School  of  Mechanical  Arts,  and  Director  of 
the  Wilmerding  School  of  Industrial  Arts,  San  Francisco 
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MERRILL'S  MECHANICS  is  intended  for  the  upper 
classes  in  secondary  schools,  and  for  the  two  lower 
classes  in  college.  Only  a  knowledge  of  elementary 
algebra,  plane  geometry,  and  plane  trigonometry  is  required 
for  a  thorough  comprehension  of  the  work. 
^  By  presenting  only  the  most  important  principles  and 
methods,  the  book  overcomes  many  of  the  difficulties  now 
encountered  by  students  in  collegiate  courses  who  take  up 
the  study  of  analytic  mechanics,  without  previously  having 
covered  it  in  a  more  elementary  form.  It  treats  the  subject 
without  the  use  of  the  calculus,  and  consequently  does  not 
bewilder  the  beginner  with  much  algebraic  matter,  which 
obscures  the  chief  principles. 

^  The  book  is  written  from  the  standpoint  of  the  student 
in  the  manner  that  experience  has  proved  to  be  the  one 
most  easily  grasped.  Therefore,  beyond  a  constant  endeavor 
to  abide  by  the  fundamental  precepts  of  teaching,  no  one 
method  of  presentation  has  been  used  to  the  exclusion  of 
others.  TJie  few  necessary  experiments  are  suggested  and 
outlined,  but  a  more  complete  laboratory  course  can  easily  be 
supplied  by  the  instructor. 

^  The  explanation  of  each  topic  is  followed  by  a  few  well- 
chosen  examples  to  fix  and  apply  the  principles  involved.  A 
number  of  pages  are  devoted  to  the  static  treatment  of  force, 
with  emphasis  on  the  idea  of  action  and  reaction.  Four- 
place  tables  of  the  natural  trigonometric  functions  are  included. 
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Analytic  Geometry.  By  J.  H.  Tanner,  Ph.D.,  Professor 
of  Mathematics,  Cornell  University,  and  Joseph  Allen, 
A.M.,  Instructor  in  Mathematics,  College  of  the  City 
of  New  York.      $2.00. 

Differential  Calculus.  By  James  McMahon,  A.M.,  Pro- 
fessor of  Mathematics,  Cornell  University,  and  Virgil 
Snyder,  Ph.D.,  Assistant  Professor  of  Mathematics, 
Cornell  University.      $2.00. 

Integral  Calculus.  By  D.  A.  Murray,  Ph.D.,  Professor 
of  Mathematics,  Dalhousie  College.      ^2.00. 

Differential  and  Integral  Calculus.  By  Virgil  Snyder, 
Ph.D.,  Assistant. Professor  of  Mathematics,  Cornell  Uni- 
versity, and  John  Irwin  Hutchinson,  Ph.D.,  Instructor 
in  Mathematics,  Cornell  University.      ^2.00. 

Elementary  Geometry — Plane.  By  James  McMahon, 
A.M.,  Professor  of  Mathematics,  Cornell  University. 
.  ^0.90. 

Elementary  Algebra.  By  J.  H.  Tanner,  Ph.D.,  Professor 
of  Mathematics,  Cornell  University,      ^i.oo. 

High  School  Algebra.  By  J.  H.  Tanner,  Ph.D.,  Pro- 
fessor of  Mathematics,  Cornell  University.      $1.00. 

Elementary  Geometry — Solid.  By  James  McMahon, 
A.M.,  Professor  of  Mathematics,  Cornell  University. 


THE  advanced  books  treat  their  subjects  in  a  way  that 
is  simple  and  practical,  yet  thoroughly  rigorous,  and 
attractive  to  both  teacher  and  student.  They  meet 
the  needs  of  all  students  pursuing  courses  in  engineering  and 
architecture.  The  elementary  books  implant  into  secondary 
schools  the  spirit  of  the  more  advanced  books,  and  make  the 
work  from  the  very  start,  continuous  and  harmonious.  ^ 
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PLANE     SURVEYING 
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By  WILLIAM  G.  RAYMOND,  C.  E.,  member  Ameri- 
can Society  of  Civil  Engineers,  Professor  of  Geodesy, 
Road  Engineering,  and  Topographical  Drawing  in 
Rensselaer  Polytechnic  Institute. 

IN  this  manual  for  the  study  and  practice  of  surveying  the 
subject  is  presented  in  a  clear  and  thorough  manner;  the 
general  method  is  given  first  and  afterward  the  details. 
Special  points  of  difficulty  have  been  dwelt  on  wherever 
necessary.  The  book  can  be  mastered  by  any  student  who 
has  completed  trigonometry,  two  formulas  only  being  given, 
the  derivation  of  which  requires  a  further  knowledge.  The 
use  of  these  is,  however,  explained  with  sufficient  fullness. 
^  In  addition  to  the  matter  usual  to  a  full  treatment  of  land, 
topographical,  hydrographical,  and  mine  surveying,  par- 
ticular attention  is  given  to  system  in  office-work,  labor-saving 
devices,  the  planimeter,  slide-rule,  diagrams,  etc.,  coordinate 
methods,  and  the  practical  difficulties  encountered  by  the 
young  surveyor.  An  appendix  gives  a  large  number  of 
original  problems  and  illustrative  examples. 
^  The  first  part  describes  the  principal  instruments  and  deals 
with  the  elementary  operations  of  surveying,  such  as  measure- 
ment of  lines,  leveling,  determination  of  direction  and  measure- 
ment of  angles,  stadia  measurements,  methods  of  computing 
land  surveys,  etc. 

^  In  the  second  part  are  treated  general  surveying  methods, 
including  land  surveys,  methods  adapted  to  farm  surveys. 
United  States  public  land  surveys,  and  city  surveys,  curves, 
topographical  surveying,  ordinary  earthwork  computations, 
hydrographic  and  mine  surveying,  etc. 

^  Both  four-place  and  five-place  tables  are  provided.  They 
are  unusually  numerous  and  practical,  and  are  set  in  large, 
clear  type.      The  illustrations  are  particularly  helpful. 
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CROCKETT'S 
TRIGONOMETRY 

By  C.    W.    CROCKETT,   Professor  of  Mathematics  and 
Astronomy,  Rensselaer  Polytechnic  Institute 


Plane  and  Spherical  Trigonometry.     With  Tables J^I-^S 

The  same.      Without  Tables i.oo 

Plane  Trigonometry.      With  Tables i.oo 

Logarithmic  and  Trigonometric  Tables I .  oo 


BECAUSE  this  work  has  been  prepared  for  beginners 
the  author  has  limited  himself  to  the  selection  of 
simple  proofs  of  the  formulas,  not  striving  after  original 
demonstrations.  Geometrical  proofs  have  been  added  in 
many  cases,  experience  having  shown  that  the  student  is 
assisted  by  them  to  a  clearer  understanding  of  the  subject. 
^  All  of  the  numerical  examples  have  been  computed  by  the 
author  with  special  attention  to  correctness  in  the  last  decimal 
place;  and  the  arrangement  of  the  computations  has  been 
carefully  considered.  Five-place  tables  have  been  adopted, 
and  the  angles  in  the  examples  are  given  to  the  nearest  tenth 
of  a  minute,  because  the  instruments  ordinarily  used  by 
engineers  are  read  by  the  vernier  only  to  the  nearest  minute 
of  arc,  while  the  angle  corresponding  to  a  computed  function 
may  be  found  usually  to  the  nearest  tenth  of  a  minute  by  the 
use  of  five-place  tables.  For  convenience  the  tables  are 
printed  on  colored  paper. 

^  Each  subject  is  developed  in  a  logical  and  natural  manner. 
The  elementary  definitions  of  the  ratios  are  followed  at  once 
by  the  solution  of  right  triangles,  in  order  that  the  defin- 
itions may  be  impressed  upon  the  mind  of  the  student,  and  a 
large  number  of  practical  problems  are  then  given  to  demonstrate 
the  utility  of  the  study.  The  more  general  definitions  of  the 
functions,  with  their  values  in  the  difi^erent  quadrants  and 
analogous  properties,  are  then  discussed. 
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By   WILLIAM    J.    MILNE,    Ph.D.,    LL.D.,    President 
New  York  State  Normal  College,   Albany,    N.  Y. 


ACADEMIC  ALGEBRA ^i 


MORE  extended  and  more  comprehensive  than  Milne's 
High  School  Algebra,  this  work  not  merely  states  the 
principles  and  laws  of  algebra,  but  establishes  them 
by  rigorous  proofs.  The  student  first  makes  proper  infer- 
ences, then  expresses  the  inferences  briefly  and  accurately, 
and  finally  proves  their  truth  by  deductive  reasoning.  The 
definitions  are  very  complete,  and  special  applications  and 
devices  have  been  added.  The  examples  are  numerous  and 
well  graded,  and  the  explanations  which  accompany  the 
processes,  giving  a  more  intelligent  insight  into  the  various 
steps,  constitute  a  valuable  feature.  The  book  meets  the 
requirements  in  algebra  for  admission  to  all  of  the  colleges. 


ADVANCED  ALGEBRA $1.50 


THIS  book  covers  fully  all  college  and  scientific  school 
entrance  requirements  in  advanced  algebra.  While 
the  earlier  pages  are  identical  with  the  author's 
Academic  Algebra,  more  than  160  pages  of  new  matter 
have  been  added.  Among  the  new  subjects  considered 
are  :  incommensurable  numbers,  mathematical  induction, 
probability,  simple  continued  fractions,  the  theory  ot  num- 
bers, determinants,  convergency  of  series,  exponential  and 
logarithmic  series,  summation  of  series,  and  the  theory  of 
equations,  including  graphical  representation  of  functions  of 
one  variable,  and  approximation  to  incommensurable  roots. 
Over  5,000  unsolved  exercises  and  problems  are  included  in 
the  book.      The  treatment  is  full,  rigorous,  and  scientific. 
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ELEMENTARY  METEOROLOGY    ....  $1.50 

By  FRANK   WALDO,  Ph.D.,   late  Junior  Professor  in 
the  United  States  Signal  Service 


IN  this  book,  embodying  the  latest  phases  of  the  science,  and 
the  most  approved  methods  of  teaching,  the  treatment, 
as  far  as  practicable,  is  inductive.  The  fact  that  meteor- 
ology is  largely  an  observational  study  is  kept  constantly  in 
mind.  The  student  is  introduced  to  rational  methods  of 
investigation,  and  taught  to  observe  weather  conditions,  to 
account  intelligently  for  successive  changes  in  the  weather,  and 
to  make  intelligent  predictions  for  himself.  Special  chapters 
are  devoted  to  the  meteorology  of  the  United  States,  in  which 
the  work  of  the  Weather  Bureau  is  clearly  explained.  The 
charts  and  illustrations  are  an  important  feature. 


OBSERVATIONS  AND  EXERCISES  ON  THE 

WEATHER $0.30 

By  JAMES  A.  PRICE,  A.M.,  Instructor  in  Physiography 
in  High  School,  Furt  Wayne,  Ind. 


THIS  laboratory  manual  is  intended  to  supplement  the 
recitation  work  in  physical  geography  and  meteorology 
in  secondary  schools.  It  consists  of  a  blank  weather 
record  covering  forty  days,  to  be  filled  in  by  the  pupil  from  his 
own  obser\'ations  of  the  thermometer,  barometer,  hygrometer, 
weather  gauge,  clouds,  winds,  etc.  Following  these  tables 
is  a  series  of  ingeniouslv  devised  exercises  wherebv  the  pupil, 
from  the  observation  and  study  of  his  weather  record,  is  led 
to  deduce  many  of  the  general  principles  of  meteorology. 
The  instruments  necessary  for  the  observations  are  few  and 
inexpensive. 
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HUNTER'S  ELEMENTS  OF 
BIOLOGY 

By  GEORGE  WILLIAM  HUNTER,  A.  M.,  Instructor 
in  Biology,  DeWitt  Clinton  High  School,  New  York  City. 


THIS  work  presents  such  a'  correlation  of  botany,  zool- 
ogy, and  human  physiology  as  constitutes  an  adequate 
first-year  course  in  biology.  The  foundation  principles, 
upon  which  the  present  correlation  of  subjects  is  made,  are 
that  the  life  processes  of  plants  and  of  animals  are  similar,  and 
in  many  respects  identical ;  that  the  properties  and  activities 
of  protoplasm  are  the  same  whether  in  the  cell  of  a  plant  or 
of  an  animal ;  and  that  the  human  body  is  a  delicate  machine, 
built  out  of  that  same  mysterious  living  matter,  protoplasm. 
With  such  a  foundation  this  correlation  is  simple  and  natural. 
^  The  course  is  designed  to  give  to  students  a  general  con- 
ception of  the  wide  range  of  forms  in  plant  and  animal  life  ; 
to  lead  them  to  observe  the  various  processes  carried  on  by 
plants  and  animals,  and  to  study  only  so  much  of  structure 
as  is  necessary  for  a  clear  comprehension  of  these  processes ; 
and  to  help  them  to  understand  the  genera!  structure  of  the  hu- 
man body,  and  the  way  to  care  for  it, 

^  The  treatment  follows  the  order  in  which  the  topics  are 
likely  to  be  taken  up  when  the  work  is  begun  in  the  fall. 
The  laboratory  and  field  work  is  interesting  and  readily 
comprehended.  The  questions  are  few  and  simple;  they 
apply  to  structures  easily  found,  and  deal  with  externals  only. 
The  experiments  outlined  in  the  book  do  not  require  an  ex- 
tensive laboratory  equipment.  Excellent  results  may  be  ob- 
tained with  little  or  no  apparatus,  except  that  made  by  the 
pupils  and  teacher  working  together. 

^  The  course  combines  in  excellent  proportion  text-book 
study,  laboratory  experiments,  field  work,  and  work  for 
oral  recitation,   and  is  attractive,  accurate,   and  informative. 
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A   NEW   ASTRONOMY,  $1.30 

By  DAVID  TODD,  M.  A.,  Ph.  D.,  Professor  of  Astrono- 
my and  Navigation  and  Director  of  the  Observatory, 
Amherst  College. 


ASTRONOMY  is  here  presented  as  preeminently  a  science 
of  observation.  More  of  thinking  than  of  memorizing 
is  required  in  its  study,  and  greater  emphasis  is  laid  on 
the  physical  than  on  the  mathematical  aspects  of  the  science. 
As  in  physics  and  chemistry,  the  fundamental  principles  are 
connected  with  tangible,  familiar  objects,  and  the  student  is 
shown  how  he  can  readily  make  apparatus  to  illustrate  them. 
In  order  to  secure  the  fullest  educational  value,  astronomy  is 
regarded  as  an  inter-related  series  of  philosophic  principles. 


MATHEMATICAL  GEOGRA- 
PHY, $1.00 

By  WILLIS  E.  JOHNSON,  Ph.  B.,  Vice-President  and 
Professor  of  Geography  and  Social  Sciences,  Northern 
Normal  and  Industrial  School,  Aberdeen,  South  Dakota. 


THIS  work  explains  with  great  clearness  and  thoroughness 
that  portion  of  the  subject  which  not  only  is  most  diffi- 
cult to  understand,  but  also  underlies  and  gives  meaning 
to  all  geographical  knowledge.  A  vast  number  of  facts  which 
are  much  inquired  about,  but  little  known,  are  taken  up 
and  explained.  Simple  formulas  are  given  so  that  a  tudent 
unacquainted  with  geometry  or  trigonometry  may  calculate 
the  heights  and  distances  of  objects,  the  latitude  and  longitude 
of  a  place,  the  amount  any  body  is  lightened  by  the  centri- 
fugal force  due  to  rotation,  the  deviation  of  a  plumb-line  from 
a  true  vertical,  etc. 
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GRAY'S  NEW  MANUAL 
OF  BOTANY  — SEVENTH 
EDITION,    ILLUSTRATED 

Thoroughly  revised  and  largely  rewritten  by  BENJAMIN 
LINCOLN  ROBINSON,  Ph.D.,  Asa  Gray  Professor 
of  Systematic  Botany,  and  MERRITT  LYNDON 
FERNALD,  S.B.,  Assistant  Professor  of  Botany,  Harvard 
University,  assisted  by  specialists  in  certain  groups. 

Regular  edition.      Cloth,  8vo,  926  pages ^2.50 

Tourist's  edition.      Flexible  leather,  i2mo,  926  pages.      .      .      .        3.00 

Largely  rewritten  and  rearranged,  with  its  scope  consider- 
ably widened.  The  nomenclature  follows  the  code  of  inter- 
national rules  recently  adopted  in  Europe.  As  now  pub- 
lished, it  presents  in  clear  and  well-ordered  form  the  scattered 
results  of  diffuse  publication,  and  treats  its  subject  with  due 
consideration  for  the  results  of  the  latest  investigation. 


AMES'S   TEXT-BOOK    OF 
GENERAL    PHYSICS 

For  use  in  colleges.  By  JOSEPH  8.  AMES,  Ph.D.,  Pro- 
fessor of  Physics  and  Director  of  the  Physical  Labora- 
tory, Johns  Hopkins  Univeisity. 

Cloth,  8vo,  768  pages,  illustrated $3-5° 

A  one  year  college  course,  stating  the  theory  of  the  sub- 
ject clearly  and  logically,  and  giving  a  concise  summary  of 
the  experimental  facts  on  which  the  science  of  physics  is 
based.  Every  important  experiment  and  observation  is  men- 
tioned and  explained,  and  the  few  great  principles  of  nature 
are  given  the  prominence  they  deserve. 
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SCIENTIFIC    MEMOIRS 

Edited  by  JOSEPH  S.  AMES,  Ph.D.,  Johns  Hopkins 
University 


The  Free  Expansion  of  Gases.  Memoirs  by  Gay-Lussac,  Joule,  and 
Joule  and  Thomson.      Edited  by  Dr.  J.  S.  Ames.     ^0.75. 

Prismatic  and  Diffraction  Spectra.  Memoirs  by  Joseph  von  Fraun- 
hofer.      Edited  by  Dr.  J.  S.  Ames.     ^0.60. 

RoNTGEN  Rays.  Memoirs  by  Rontgen,  Stokes,  and  J.  J.  Thomson.  Edited 
by  Dr.  George  F.  Barker.     $0.60. 

The  Modern  Theory  of  Solution.  Memoirs  by  PfefFer,  Van't  HofF, 
Arrhenius,  and  Raoult.     Edited  by  Dr.  H.  C.Jones.     $>.oo. 

The  Laws  of  Gases.  Memoirs  by  Boyle  and  Amagat.  Edited  by  Dr. 
Carl  Barus.     $0.75. 

The  Second  Law  of  Thermodynamics.  Memoirs  by  Carnot,  Clausius, 
and  Thomson.      Edited  by  Dr.  W.  F.  Magie.     $0.90. 

The  Fundamental  Laws  of  Electrolytic  Conduction.  Memoirs 
by  Faraday,  Hittorf,  and  Kohlrausch.  Edited  by  Dr.  H.  M. 
Goodwin.     J^o.75. 

The  Effects  of  a  Magnetic  Field  on  Radiation.  Memoirs  by  Fara- 
day, Kerr,  and  Zeeman.     Edited  by  Dr.  E.  P.  Lewis.     $0.75. 

The  Laws  of  Gravitation.  Memoirs  by  Newton,  Bouguer,  and  Cav- 
endish.     Edited  by  Dr.  A.  S.  Mackenzie,     ^i.oo. 

The  Wave  Theory  of  Light.  Memoirs  by  Huygens,  Young,  and 
Fresnel.      Edited  by  Dr.  Henry  Crew.     $1.00. 

The  Discovery  of  Induced  Electric  Currents.  Vol.  I.  Memoirs  by 
Joseph  Henry.      Edited  by  Dr.  J.  S.  Ames.     ^0.75. 

The  Discovery  of  Induced  Electric  Currents.  Vol.  II.  Memoirs 
by  Michael  Faraday.      Edited  by  Dr.  J.  S.  Ames.      ^0.75. 

The  Foundations  of  Stereo-chemistry.  Memoirs  b/  Pasteur,  Le  Bel, 
and  Van't  Hoff,  together  with  selections  from  later  memoirs  by 
Wislicenus,  and  others.      Edited  by  Dr.  G.  M.  Richardson.      $1.00. 

The  Expansion  of  Gases.  Memoirs  by  Gay-Lussac  and  Regnault.  Edited 
by  Prof.  W.  W.  Randall.      $1.00. 

Radiation  and  Absorption.  Memoirs  by  Prevost,  Balfour  Stewart, 
Kirchhoff  and  Kirchhoff  and  Bunsen.  Edited  by  Dr.  DeWitt  B. 
Brace.     $1.00. 
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A   TEXTBOOK   OF    BOTANY 

For   Colleges   and   Universities 

Bv  JOHN  MERLE  COULTER,  Ph.D.,  Professor  of  Plant 
Morphology,  CHARLES  REID  BARNES,  Ph.D.,  Late 
Professor  of  Plant  Phvsiologv,  and  HENRY  CHAND- 
LER COWLES,  Ph.■D.,AssistantProfessorofPlantEcol- 
ogy,  of  the  Botanical  Staff  of  the  Universitv  of  Chicago. 


Complete $3-50 

Volume  I.      Morphology  and  Physiology 2..00 

Volume  II.    Ecology 2.00 


THIS  textbook  presents  the  fundamentals  of  modern 
botany  for  undergraduate  instruction.  These  funda- 
mentals are  presented  under  three  main  divisions :  Mor- 
phology, Physiology,  and  Ecology,  subjects  of  the  varied 
work  in  botany  to-day.  The  volumes  contain  selected  mate- 
rial, general  statements  not  confused  by  exceptions,  and  a  mini- 
mum of  terminology. 

^  In  the  part  on  morphology,  the  evolution  of  the  plant 
kingdom  has  determined  the  selection  of  material  and  of  struc- 
tures, so  that  every  plant  or  group  contributes  something  to 
the  evolutionary  sequence.  Physiology  is  presented  in  its 
modern  aspect,  the  explanation  of  plant  behavior  being  in 
terms  of  chemistry  and  physics,  as  far  as  present  knowledge  per- 
mits. Plants  are  considered  as  expressions  of  matter  and 
force.  The  comparatively  new  subject  of  ecology  is  organ- 
ized for  the  first  time  as  a  college  text. 

^  The  work  is  strictly  modern  in  its  point  of  view.  All  anti- 
quated conceptions  have  been  carefully  discarded.  In  all  the 
parts  the  logical  presentation  is  emphasized  by  frequent  cap- 
tions that  catch  the  eye,  and  it  is  believed  that  the  orderly 
arrangement  of  material  will  facilitate  both  its  reception  and 
its  retention.  A  special  feature  of  the  book  is  its  excellent 
illustrations,  the  majority  of  which  are  original. 


AMERICAN    BOOK    COMPANY 


PSYCHOLOGY  AND  PSYCHIC 
CULTURE 


Bv    REUBEN    POST    HALLECK,     M.A., 

Louisville  Male  High  School 


Principal, 


IN  this  text- book  the  study  of  psychology  is  made  distinctly 
useful.  The  volume  is  brief  in  compass,  clear  in  state- 
ment, and  interesting  in  treatment,  and  elevating  and 
inspiring  in  its  influence  on  the  mind,  the  life,  and  the  charac- 
ter. Instead  of  being  a  mere  bundle  of  abstractions,  dry 
facts  have  been  enlivened  and  elucidated  by  illustrations  and 
anecdotes,  making  it  more  than  commonly  attractive. 
^  The  coordinate  branches,  physiological  and  introspective 
psychology,  receive  their  proper  share  of  attention.  The 
physical  basis  of  psychology  is  fully  recognized.  The  sub- 
ject is  introduced  by  a  chapter  on  the  nervous  mechanism  at 
the  disposal  of  the  mind,  and  is  effectively  illustrated  by  dia- 
grams and  figures  of  the  brain,  nerve-fibers,  etc. 
^  The  treatment  is  singularly  clear  and  simple.  The  psychic 
truths  are  expressed  in  such  a  manner  that  students  will  have 
no  difficulty  in  forming  definite  ideas  regarding  them.  The 
work  abounds  in  concrete  illustrations  and  incidents  so  aptly 
applied  that  they  deeply  impress  the  mind. 
^  At  the  same  time  the  order  of  treatment  is  natural  and 
logical  and  in  harmony  with  the  practical  aims  and  purpose 
of  the  work.  Special  attention  is  devoted  to  the  cultivation  of 
the  mental  faculties.  The  abstract  laws  of  the  mind  are  first 
explained  and  developed,  and  afterwards  the  established  truths 
of  the  science  are  applied.  The  fact  that  a  knowledge  of  the 
laws  and  processes  of  the  mind  should  he  applied  to  self-im- 
provement, and  to  the  best  methods  of  gaining  that  mental  and 
moral  equipment  required  for  a  successflil  struggle  in  the 
battle  of  life,  is  constantly  impressed  on  the  mind  of  the 
student. 
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A     SOURCE     BOOK     OF 
MEDIAEVAL    HISTORY 

Edited  by  FREDERIC  AUSTIN  OGG,  A.M.,  Assistant 
in  History,  Harvard  University,  and  Instructor  in  Sim- 
mons College. 

$1.50 


IN  this  book  is  provided  a  collection  of  documents  illustra- 
tive of  European  life  and  institutions  from  the  German  in- 
vasions to  the  Renaissance.  Great  discrimination  has  been 
exercised  in  the  selection  and  arrangement  of  these  sources, 
which  are  intended  to  be  used  in  connection  with  the  study 
of  mediaeval  history,  either  in  secondary  schools,  or  in  the 
earlier  years  of  college.  Throughout  the  controlling  thought 
has  been  to  present  only  those  selections  which  are  of  real 
value  and  of  genuine  interest — that  is,  those  which  subordi- 
nate the  purely  documentary  and  emphasize  the  strictly  nar- 
rative, such  as  annals,  chronicles,  and  biographies.  In  every 
case  they  contain  important  historical  information  or  throw 
more  or  less  indirect  light  upon  mediaeval  life  or  conditions. 
^  The  extracts  are  of  considerable  length  from  fewer  sources, 
rather  than  a  greater  number  of  more  fragmentary  ones  from  a 
wider  range.  The  translations  have  all  been  made  with  care, 
but  for  the  sake  of  younger  pupils  simplified  and  modernized 
as  much  as  close  adherence  to  the  sense  would  permit.  An 
introductory  explanation,  giving  at  some  length  the  historical 
setting  of  the  extract,  with  comments  on  its  general  signifi- 
cance, and  also  a  brief  sketch  of  the  writer,  accompany  each 
selection  or  group  of  selections.  The  footnotes  supply  some- 
what detailed  aid  to  the  understanding  of  obscure  illusions, 
omitted  passages,  and  especially  names  and  technical  terms. 
The  index  is  very  full.  Typographically  the  book  is  unusu- 
ally well  arranged  with  a  view  of  aiding  the  pupil  in  its  inter- 
pretation. 
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DESCRIPTIVE 
CATALOGUE     OF     HIGH 
SCHOOL    AND    COLLEGE 

TEXT-BOOKS 

Published   Complete  and   In   Sections 


WE  issue  a  Catalogue  of  High  School  and  College  Text- 
Books,  which  we  have  tried  to  make  as  valuable  and 
as  useful  to  teachers  as  possible.  In  this  catalogue 
are  set  forth  briefly  and  clearly  the  scope  and  leading  charac- 
teristics of  each  of  our  best  text-books.  In  most  cases  there 
are  also  given  testimonials  from  well-known  teachers,  which 
have  been  selected  quite  as  much  for  their  descriptive  qualides 
as  for  their  value  as  commendations. 

^  For  the  convenience  of  teachers  this  Catalogue  is  also 
published  in  separate  sections  treating  of  the  various  branches  of 
study.  These  pamphlets  are  entitled  :  English,  Mathematics, 
History  and  Political  Science,  Science,  Modern  Languages, 
Ancient  Languages,  and  Philosophy  and  Education. 
\\  In  addition  we  have  a  single  pamphlet  devoted  to  Newest 
Books  in  every  subject. 

^  Teachers  seeking  the  newest  and  best  books  for  their 
classes  are  invited  to  send  for  our  Complete  High  School  and 
College  Catalogue,  or  for  such  sections  as  may  be  of  greatest 
interest. 

^  Copies  of  our  price  lists,  or  of  special  circulars,  in  which 
these  books  are  described  at  greater  length  than  the  space 
limitations  of  the  catalogue  permit,  will  be  mailed  to  any 
address  on  request. 

^  All  correspondence  should  be  addressed  to  the  nearest 
of  the  following  offices  of  the  companv :  New  York,  Cincin- 
nad,  Chicago,  Boston,  Adanta,  San  Francisco. 


AMERICAN    BOOK     COMPANY 


\ 


